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Pseudo-differential operators and applications

Exercises 3

1. (Elementary Composition)
Let p1(2,£) = 3_)0j<m, Ca(@)€* be the symbol of a differential operator and let
p2 € 576 (R" x R™). In this special case it is easy to prove that the composition
of the assoziated operators is a pseudodifferential operator. Moreover, it is an
elementary calculation to determine the symbol of the composition.
More precisely, prove that

pl(x7Dx)p2(x7Dw) = (pl#pQ)(x7Dx)v where
pl#pz(ﬁ,f) = Z %8§p1(x,§)Dfpg(x,§).

|B|<m1

In order to prove the statement you may use the identity

(e

2. (Properties of Amplitudes)
Let a; € A77(R™ x R"), j = 1,2, o, 8 € Nj. Prove that:

(a) ay-ay € AT (R™ x R™) and for every k € N there is a constant Cj, > 0
independent of ay, as such that

v - az| ymima o < Chlar] gz klaz]azp v

(b) a1 € AT, (R" x R"), 7 - ay € AR x RY),
(c) 930Pay € A7 (R™ x R™).
3. (Simple Properties of the Oscillatory Integrals)

(a) Let A € R™™ such that det A # 0 and let a € A7(R" x R™), m,7 € R.
Prove that

Os— // e~ WA (y, An)| det A| dzdn = Os— // e Ya(y, n) ddn.



(b) Let a; € A™(R™ x R"), ay € A™(RF x R¥), m,7 € R, n,k € N and let

a((y1,y2), (M1, m2)) = a1 (y1,m)az(yz,mo)  for all (y1, y2), (m1,m2) € R"xR¥.

Prove that

Os- / / e W Ma(y, n) dy dn
( nXRk)Q
= Os- / / e~ ay (y1,m) dyy dipy Os— / / e "2 ay (ya, 12) dys dio
()2

(RF)?

where y = (y1,y2),7] = (77177]2)-



