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Exercise 1

Let (M, g) be a connected, complete and simply-connected Riemannian ma-
nifold with sectional curvature K < 0. Show that there is a unique geodesic
between any two points on M. Hint: use Cartan-Hadamard Theorem.

Exercise 2
Let M be a connected manifold and p € M. We consider the map defined in
the lecture between the fundamental group of M and the set of free homotopy
classes of loops:

F:m(M,p) — m,L(M),

(V] = [V bree-
Show the following:
i) F is surjective.

ii) F induces a well-defined map on the set of conjugacy classes in 7 (M, p),
that is [Y77 fee = [Tliree, for any v, 7 € m (M, p).

iii) The map induced by F on the set of conjugacy classes in 71 (M, p) is
injective.

Exercise 3

We consider the Hopf fibration and the Fubini-Study metric on CP™ intro-
duced in Exercise 2, (iii) on Sheet no. 8. We use the same notation as in this
exercise, and again X" is the vertical part of X. The vertical vectors of the
Hopf fibration in the point z € S?"™! are of the form \iz, A € R.

n+1 o

For X, Y € C"*!, we define (X,Y)¢ := Y X;Y; and (X, Y)g := Re(
=1

Then it holds (X,Y)e = (X, Y)r + (X, 1Y)g. Show the following:
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i) For any X, € C"*! the map w — X, = Xo — <)z0,w>@w is a well-
defined vector field on S?"*1.

ii) X is horizontal everywhere.

iii) Each point p € CP™ admits an open neighborhood U and a smooth
map f : 7 1 (U) — S, such that f(\z) = A\f(z), for all z € 71 (U)
and \ € S1.

iv) fX is a horizontal lift of a vector field X € T'(TU).



v) For a fixed z € S2*! assume that (X, 2)e = (Yy,2)e = 0. For the
Levi-Civita connection V of S?"! it holds:

V5, Xolu=s = —(Im((Xo, Yo)c))iz

vi) Choose f such that f(z) = 1 for a zp € 7 '(p). Conclude that

[FY, FX]Y]., = —2(Im(Xo, Yo)e )izo.

vii) The sectional curvature K of CP" satisfies: 1 < K < 4. For which
planes is K = 4 and for which planes is K = 17

Hand in the solutions on Monday, June 17, 2013 before the lecture.



