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Exercise 1

Let M be an oriented n-dimensional Riemannian manifold, let W be a Clifford bundle
over M.

1. We define Vol € CIl(T,M) by ey - ... - e, for a positively oriented orthonormal base.
Show that this definition doees not depend on which base we choose.

2. Show that, for every smooth section ¢ € I'(IW) we have
D(Vol - ¢) = (—=1)""! Vol - (D¢).

Exercise 2
Let (M, g) be a Riemannian manifold with Clifford bundle W. Show that for every ¢ €
L(W):

|Dg|* < n|Ve|*

pointwise on M.
Hint: Use the Cauchy-Schwarz inequality to show
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Exercise 3

Let ¢ : T™ — T™ be a diffeomorphism of the standard torus 7" = R"/(27Z)". Show that
for all k € N:

1. CK(T™) — CK(T™), wuws uo ¢ is well-defined and continuous.

2. H, — Hy, uw~— uo ¢ is well-defined and continuous.

(Hint: Instead of working with [| - [|x work with the equivalent norm Z?:o ‘ %u” )
0



Exercise 4

The following construction of 'mollifiers’ will be very useful for us in regularity theory.

1. Choose f € Cg°(R™,(0,00)) radially symmetric and normed by [, f = 1. For
a > 0 ddefine f, € C§°(R", (0,00)) by fa( ) = a "f(x/a) for all r € R", and
F, : LA(R") — L*(R") by Fys(z) == (fo* s)(@) = = [an f( y)dy. Show that
there is C' > 0 with || F,|| < C for all a € (0, oo)

a

2. Show that if s € CJ(R™) then lim, o F,,s = s in C°(R").
3. Conclude that if s € L*(R") then lim, o F,s = s in L*(R").

4. Let b e CY(R") := {f € C'(R")|supp(f) compact}. For B := b(z)52-, show

([B; Fus) b(y)s(y)dy

+a / () — b f (Y )sw)ey.

Conclude that there is a C' > 0 such that ||[B, F,]|| < C for all a € (0, 00).



