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Exercise 1: Generalized Mehler

Show the generalized Mehler’s formula
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using the ansatz kt(x, y) = α(t) exp

(
−1

2
β(t)(x2 + y2)− γ(t)xy

)
.

Exercise 2: Spinor bundle as a square root

Let M be a Riemannian spin manifold of even dimension. Show that there is an isomor-
phism of Clifford bundles J : ΣM ⊗ ΣM → Ω∗

C(M) := Ω∗(M)⊗R C. Now on each factor
ΣM we are free to choose a Z2-grading: either GωC := (ΣM+,ΣM−) given by the eigen-
value decomposition of ωC or the trivial grading Gtriv := (ΣM, {0}). The four possible
choices of Z2-gradings give four different Z2-gradings for Ω∗

C(M). Describe these gradings
for Ω∗

C(M) and compare them to the grading into even and odd forms and to the grading
given by the Hodge star operator.

Exercise 3: An index finally!

Show that the index of (d+ d∗)|Ωeven(M) : Ωeven(M)→ Ωodd(M) is the Euler characteristic
of M and that the index of (d+ d∗)|Ω+(M) : Ω+(M)→ Ω−(M) is the signature of M . Here
(Ω+(M),Ω−(M)) is the grading given by the Hodge star operator.

Remark to Exercise 2 and 3: depending on the convention that you use there might be
some factors i or −1 to insert.


