
TWISTED ALEXANDER POLYNOMIALS AND SYMPLECTIC

STRUCTURES

STEFAN FRIEDL AND STEFANO VIDUSSI

Abstract. Let N be a closed, oriented three manifold. A conjecture, due to
Cli� Taubes, states that S1

�N admits a symplectic structure only if N admits a
�bration over the circle. The purpose of this paper is to provide evidence to this
conjecture studying suitable twisted Alexander polynomials of N , and showing that
their behavior is the same as of those of �bered 3{manifolds. In particular, we
will obtain new obstructions to the existence of symplectic structures and to the
existence of symplectic forms representing certain cohomology classes of S1

� N .
As an application of these results we will show that S1

� N(P ) does not admit
a symplectic structure, where N(P ) is the 0{surgery along the pretzel knot P =
(5;�3; 5), answering a question of Peter Kronheimer.

1. Introduction

Let N be a 3{manifold. Throughout the paper, unless otherwise stated, we will
assume that all 3{manifolds are closed, oriented and connected. A 4{manifold is
called symplectic if it admits a closed, non{degenerate 2{form ! (cf. [GS99]). It is
well known that if N admits a �bration over S1, then S1 � N admits a symplectic
structure.
Taubes formulated the following conjecture, that states that such a condition on

N is also necessary:

Conjecture 1.1. Let N be a 3{manifold. If S1 �N is symplectic, then there exists
� 2 H1(N) such that (N; �) �bers over S1.

Here we say that (N; �) �bers over S1 if the homotopy class of maps N ! S1

determined by � 2 H1(N) = [N;S1] contains a representative that is a �ber bundle
over S1; in that case, we will also say that � is a �bered class. The purpose of this
paper is to use twisted Alexander polynomials to investigate Conjecture 1.1.
The strategy of this paper is to show that, if S1�N is symplectic, then N satis�es

properties that hold for �bered 3{manifold, obtaining this way evidence for Conjecture
1.1 and obstructions to the existence of symplectic forms. This strategy was �rst
used by Kronheimer who proved in [Kr99] that if the 0{surgery N(K) along a knot
K � S3 is such that S1 �N(K) is symplectic, then the Alexander polynomial of K
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is monic and its degree coincides with twice the genus of K. These conditions are
known to hold for �bered knots. This approach was generalized by the second author
in [Vi03] to all irreducible 3{manifold (see Section 2 for details). This paper uses
the twisted Alexander polynomial associated to an epimorphism of the fundamental
group of a 3{manifold onto a �nite group to strengthen these conclusions. This way
we obtain further evidence for Conjecture 1.1 and new obstructions to the existence
of symplectic forms.
The main result in this sense is Theorem 4.3. For sake of exposition, we quote here

a result that is a slightly weaker version of Theorem 4.3:

Proposition. Let N be an irreducible 3{manifold such that S1 � N admits a sym-
plectic structure. Then there exists a non{trivial � 2 H1(N) such that for any epi-
morphism � : �1(N) ! G onto a �nite group G the associated 1{variable twisted
Alexander polynomial ��

N;� 2 Z[t
�1] is monic and

deg ��
N;� = jGj k�kT + 2div�G:

Here we denote by �G the restriction of � : �1(N) ! Z to Kerf� : �1(N) ! Gg,
div�G 2 N denotes its divisibility and k�kT is the Thurston norm of �.

In fact for any 3{manifold we have deg ��
N;� � jGj k�kT +2div�G. This inequality

generalizes McMullen's inequality for the ordinary Alexander polynomial (Lemma
3.9). Note that whenever � is a �bered class the equality holds and ��

N;� is monic
(Theorem 4.1). In this sense, this proposition supports Taubes' conjecture.
In practical terms, the previous proposition can be used to show that certain mani-

folds of the form S1�N , where N is a non{�bered 3{manifold for which the ordinary
Alexander polynomial does not provide an obstruction, do not admit any symplectic
form. The most interesting example in this sense is the case of 0{surgery of S3 along
the pretzel knot P = (5;�3; 5). This knot (and so N(P )) is not �bered, has genus
1, and its Alexander polynomial equals � = t2 � 3t + 1, so Kronheimer's results do
not exclude that S1 �N(P ) is symplectic. Kronheimer asked in [Kr99] to determine
whether S1 �N(P ) is symplectic or not. We have the following.

Proposition. Let P be the pretzel knot (5;�3; 5), and let N(P ) be the 0{surgery of
S3 along P . The manifold S1 �N(P ) does not admit a symplectic structure.

The proof follows by applying the previous proposition for a suitable choice of the
epimorphism �. Several other examples, similar to this, are presented. In particu-
lar we completely determine for which knots with up to 12 crossings the manifold
S1 � N(K) admits a symplectic structure. For many of these knots the ordinary
Alexander polynomial does not contain su�cient information. This lead to verifying
the following.

Proposition. Taubes' conjecture holds true for a 3{manifold obtained by 0{surgery
along a knot with up to 12 crossings.
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For �bered manifolds N with b1(N) > 1, the �rst proposition can be seen as deter-
mining new constraints on the size of the symplectic cone of S1�N , as the K�unneth
component in H1(N) of an integral symplectic form must satisfy the conclusion of
the theorem.
In view of the strength of the constraints on �berability given by the twisted Alexan-

der polynomials, we will present (perhaps optimistically) a conjecture (Conjecture
4.2), stating that the constraints associated to all epimorphisms of the fundamental
group of a 3{manifold onto �nite groups determine whether the manifold is �bered.
We will prove that this conjecture implies Conjecture 1.1, and discuss some argument
in favor of the conjecture.
We �nish this introduction with two remarks. First, in this paper we have followed

the approach of formulating de�nitions and results in terms of (twisted) Alexander
polynomials and the corresponding Alexander norms. This is convenient because of
their wide use, but we would like to point out that the most natural approach would
be to use instead the corresponding Reidemeister torsion. Several results (partic-
ularly for the b1(N) = 1 case) have a more elegant presentation when formulated
in terms of torsion. Second, some of the results concerning the �berability of a 3{
manifold that are presented here appear (although in di�erent form or generality) in
two papers of the �rst author and Taehee Kim (see [FK05a] and [FK05b]) as well as,
for the case of knots, in previous work of Cha (see [Ch03]) and Goda, Kitano and
Morifuji (see [GKM05]). However, we have decided for their inclusion both in light
of Conjectures 1.1 and 4.2 (as they specify the actual evidence to it) and because
the proofs presented are di�erent in nature and have often emerged independently.
In particular, the approach presented here is naturally inuenced by the viewpoint
of Seiberg-Witten theory, and we would like to point out that all our constraints
on �berability (and the McMullen-type inequality) can be obtained with the use of
Seiberg-Witten theory alone. In this sense we hope to have progressed (although very
modestly) in the direction of better understanding the \intriguing circle of ideas" re-
ferred to in the introduction of [MT99].

Organization of the paper: Section 2 summarizes what is known on the relation
between Taubes' conjecture and the ordinary Alexander polynomial. In Section 3 we
de�ne the twisted Alexander polynomials and discuss some of their properties, with
particular attention to the case of polynomials associated with epimorphisms onto
�nite groups. In Section 4 we determine the new obstructions to the existence of
symplectic structures in terms of twisted Alexander polynomials, and we apply this
result to study a family of examples in Section 5. In Section 6 the obstructions are
reformulated in terms of certain twisted Alexander polynomials with coe�cients in
a �nite �eld, which are usually easier to compute. This allows us, in Section 7, to
decide Kronheimer example and determine Taubes' conjecture for knots with up to
12 crossings. Sections 8 contains some remarks on our conjecture.
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Notations and conventions: We assume that all manifolds are closed, oriented
and connected. All homology groups and all cohomology groups are with respect
to Z{coe�cients, unless it speci�cally says otherwise. For a knot K in S3, we de-
note the result of zero framed surgery along K by N(K). For a subset X of a
manifold M we write �X for an open tubular neighborhood of X in M . Given
a prime p the �nite �eld with p elements is denoted by Fp. For a 3{manifold N
we write H = H1(N)=Tor(H1(N)), i.e. H is the maximal free abelian quotient of
H1(N). Given a free abelian group F (by which we always mean a �nitely gener-
ated free abelian group) we use the canonical isomorphisms to identify H1(N ;F ) =
Hom(�1(N); F ) = Hom(H1(N); F ) = Hom(H;F ). Given a domain R we denote its
quotient �eld by Q(R). Given an element a 2 H i(N) we denote its Poincar�e dual by
PDNa.

Acknowledgment: The authors would like to thank John Hempel, Taehee Kim and
Jerry Levine for helpful discussions.

2. Symplectic products and the ordinary Alexander polynomial

Our �rst goal is to discuss some properties satis�ed by �bered 3{manifolds. In
order to present these properties, we will begin by reviewing some de�nitions that
are relevant in what follows.
First, the Thurston (semi)norm (cf. [Th86]): Let � 2 H1(N). The Thurston norm

of � is de�ned as

jj�jjT = minf��(Ŝ) jS �M properly embedded surface dual to �g

where Ŝ denotes the result of discarding all connected components of S with positive
Euler characteristic. Thurston showed that we can uniquely extend the de�nition
to a continuous norm on H1(N ;R) by requiring linearity. We denote the norm ball
f� 2 H1(N ;R)j jj�jjT � 1g by BT .
A speci�c case has particular relevance for us: Given an oriented non{trivial knot

K � S3, let � 2 H1(N(K)) �= Z be a generator. By a result of Gabai [Ga87,
Theorem 8.8] we have jj�jjT = 2g(K) � 2. Here g(K) is the usual genus of the knot
K, de�ned as the minimal genus of a surface bounding K.
Second, the Alexander polynomial and the Alexander (semi)norm: We can asso-

ciate to N the multivariable polynomial �N 2 Z[H], where H = H1(N)=Tor(H1(N)),
which we can assume, by [Tu86, p. 176], to be symmetric (cf. Section 3.1 for details).
We can therefore write �N =

P
g2H agg, where a�g = ag. The Alexander norm of

� 2 H1(N ;R) is then de�ned as

k�kA := 2maxf�(g)jg 2 supp�Ng:

Note that when �N = 0 this is understood to mean that jj�jjA = 0. The norm ball
BA is a convex (possibly non{compact) polyhedron, dual to the Newton polyhedron
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of �N (cf. [McM02] for details). Whenever useful, we will specify in the notation the
manifold to which the Alexander and the Thurston norms refers to.
In [McM02] McMullen has shown that the Alexander norm of a 3{manifold N

provides a bound by below to the Thurston norm of a cohomology class � 2 H1(N).
McMullen's inequality has the form

k�kA � k�kT +

8<
:

0 if b1(N) > 1;

2 div� if b1(N) = 1:

When the class � represents a �bration, this bound becomes an equality, and �N

has peculiar properties, as shown from the following theorem, implicitly or explicitly
proven, with di�erent techniques, in [Du01], [McM02], [Vi03], and [FK05a]. Remem-
ber that Thurston [Th86] showed that if a class � 2 H1(N) is �bered then it lies
in the cone over some top{dimensional face FT . (Here and in what follows we will
always consider open faces for polyhedra.) Furthermore a class � 2 H1(N) is �bered
if and only if all the lattice points in the cone R+FT over the same top{dimensional
face FT of the Thurston unit ball are �bered. The case of completely degenerate
norm is included in this and later statements by interpreting FT as the unique \face
at in�nity", dual to the trivial element of H, so that R+FT = H1(N ;R) n f0g. Note
that in the case b1(N) = 1 the (top{dimensional) faces are two discrete points, in
particular they are open. Denote by eFT 2 H the (Poincar�e dual of the) Euler class
of the �brations in FT . (Strictly speaking, this is the image of the Euler class under
the quotient map H1(N)! H.)

Theorem 2.1. Let N 6= S1� S2 be a �bered 3{manifold, and let FT be a �bered face
of the Thurston unit ball BT . Then the following holds true:

(1) For all � 2 R+FT \H1(N)

k�kA = 2�(�) = k�kT +

8<
:

0 if b1(N) > 1;

2 div� if b1(N) = 1;

where � 2 H is a vertex of the Newton polyhedron of �N with coe�cient �1.
If b1(N) > 1, then � = �1

2
eFT and FT � FA (where FA is the top{dimensional

face of the Alexander unit ball dual to �) and if b1(N) = 1, then � = �1
2
eFT+1.

(2) For all � 2 R+FT \H1(N), �N;� is monic and deg �N;� = k�kT + 2div�.

Here �N;� is the 1{variable Alexander polynomial associated to �, viewed as ele-
ment of Hom(H;Z) (cf. Section 3.1 for details). Furthermore note that in the case
b1(N) = 1 the choice of a face FT corresponds to the choice of an isomorphismH ! Z,
i.e. we can identify H and Z. The last equation of part (1) in the preceding theorem
has to be understood using this identi�cation.
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These properties (that generalize classical results of Neuwirth for knots) are short
of characterizing �bered classes, but provide useful and often e�ective constraints for
�berability.
Let us now assume that S1 � N admits a symplectic form !, whose cohomology

class with no loss of generality can be taken in the integer lattice of H2(S1 �N ;R).
Decompose [!] according to its K�unneth decomposition, and let ' be its K�unneth
component in H1(N), normalized so that [!] = [dt]^'+�, where [dt] is the generator
of H1(S1) and � 2 H2(N). Denote by K 2 H2(S1 � N) the canonical class of the
symplectic structure: such class is well{known to be the pull-back of a class in H2(N)
that we denote with the same symbol. Evidence to Conjecture 1.1 comes from the
fact that such a manifold (under the additional hypothesis of irreducibility) satis�es
the same properties of Theorem 2.1, as shown in [Vi03] (and [Vi99] for b1(N) = 1):

Theorem 2.2. Let N be an irreducible 3{manifold such that S1 � N admits an
integral symplectic structure with K�unneth component ' 2 H1(N). Then there exists
a top{dimensional face FT of the Thurston unit ball with ' 2 R+FT for which the
same properties as in (1) and (2) of Theorem 2.1 hold true, with � equal to 1

2
PDNK

if b1(N) > 1 and 1
2
PDNK + 1 if b1(N) = 1.

For future reference and completeness, we summarize the idea of the proof of [Vi03].
This proof combines (generalizing ideas of Kronheimer, see [Kr98] and [Kr99]) the
following ingredients, connected by the relation between the Seiberg-Witten theory of
S1�N and the Alexander and Thurston norm ofN . First, Taubes' results on symplec-
tic 4{manifolds impose conditions on the convex hull of basic classes of Seiberg-Witten
theory, in particular on K, and its relation with '. In particular, ' has maximal pair-
ing, among all elements of supp�N , with �. This implies that ' 2 R+FA, where FA
is the face dual to �. Second, Donaldson's Theorem guarantees the existence of a
symplectic representative for the class Poincar�e dual to (a su�ciently high multiple
of) !. Last, we apply to such a representative Kronheimer's re�ned adjunction in-
equality for manifolds of the form S1 �N . These constraints prove the equalities of
Theorem 2.2 for the norms of '. Using the openness of the symplectic condition we
can extend this result, when b1(N) � 2, to some open cone in H1(N ;R), determined
by symplectic forms all having canonical class K. This cone, where the norms coin-
cide, must be contained in R+FA. This implies that ' 2 R+FT , where FT is some
(open) top{dimensional face of BT . The relation FT � FA is then a consequence of
McMullen's inequality.

3. Twisted Alexander polynomials and finite covers

3.1. Twisted Alexander modules and their polynomials. In this section we
are going to de�ne (twisted) Alexander polynomials. These were introduced, for the
case of knots, by Xiao-Song Lin in 1990 (published in [L01]), and his de�nition was
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later generalized to 3{manifolds by Jiang and Wang [JW93], Wada [Wa94], Kirk-
Livingston [KL99] and Cha [Ch03]. Our de�nition below is a generalization of Cha's
approach.
For the remainder of this section let F be a free abelian group and let R be Z or

the �eld Fp := Z=pZ where p is a prime number. Let N be a compact manifold.
Let � 2 Hom(H;F ) be a non{trivial homomorphism. Through the homomorphism
�, �1(N) acts on F by translations. Let now A be a free �nite R{module and
� : �1(N) ! AutR(A) be a representation. We write A[F ] = A 
R R[F ]. We
get a representation

�
 � : �1(N) ! Aut(A[F ])
g 7! (

P
i ai 
 fi 7!

P
i �(g)(ai)
 (fi + �(g)):

We can therefore view A[F ] as a left Z[�1(N)]{module. Note that this module struc-
ture commutes with the natural right R[F ]{multiplication on A[F ].
Let ~N be the universal cover of N . Note that �1(N) acts on the left on ~N as

group of deck transformation. The chain groups C�( ~N) are in a natural way right
Z[�1(N)]{modules, with the right action on C�( ~N) de�ned via � � g := g�1�, for
� 2 C�( ~N). We can form by tensor product the chain complex C�( ~N)
Z[�1(N)] A[F ].

Now de�ne H�(N ;A[F ]) := H�(C�( ~N)
Z[�1(N)] A[F ]), which inherit the structure of
right R[F ]{modules. These modules take the name of twisted Alexander modules.
Our next goal is to de�ne invariants out of these modules. The R[F ]{modules

Hi(N ;A[F ]) are �nitely presented and �nitely related R[F ]{modules since R[F ] is
Noetherian. Therefore Hi(N ;A[F ]) has a free R[F ]{resolution

R[F ]r
Si�! R[F ]s ! Hi(N ;A[F ])! 0

of �nite R[F ]{modules, where we can always assume that r � s.

De�nition 3.1. The i{th twisted Alexander polynomial of (N;�; �) is de�ned to be
the order of the R[F ]{module Hi(N ;A[F ]), i.e. the greatest common divisor of the
s� s minors of the s� r{matrix Si. It is denoted by ��

N;�;i 2 R[F ] .

Note that this de�nition only makes sense since R[F ] is a UFD. It is well{known
that ��

N;�;i is well{de�ned only up to multiplication by a unit in R[F ] and its de�nition
is independent of the choice of the resolution. Whenever we drop i from the notation,
we will refer to the �rst Alexander polynomial. If it is clear which manifold N we are
referring to, we will drop it from the notation.
In this paper we will be mostly interested in the case where F = Z = hti and � is

identi�ed with an element of H1(N) (so that �N;�;i 2 R[t�1]) and in the case where
� is the identity map of H. In the latter case we will simply write ��

N;i. Also, we
will write �N;�;i in the case that � : �1(N) ! GL(Z; 1) is the trivial representation.
According to these conventions, whenR = Z, �N 2 Z[H] is the ordinary multivariable
Alexander polynomial of N .
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Note that �S3n�K 2 Z[t�1] is just the classical Alexander polynomial �K of a
knot. Furthermore recall that H1(S

3 n �K;Z[t�1]) �= H1(N(K);Z[t�1]). In particular
�N(K) = �S3n�K = �K .

3.2. Twisted Alexander polynomials and �nite covers. For the most part of
this paper we will be concerned with a particular type of representation: Let � :
�1(N) ! G be an epimorphism onto a �nite group G. Then we get an induced
representation �1(N) ! AutR(R[G]) given by left multiplication. We denote this
representation by � as well.
To study this case, we �rst need some de�nitions and results around the map �.

Denote the normal G{cover of N induced by � : �1(N) ! G by NG (a compact
manifold), with � : NG ! N the covering map. We have an exact sequence

1! �1(NG)
���! �1(N)

�
�! G! 1:

As H is free abelian, the inclusion �� : �1(NG)! �1(N) induces a map �� : HG ! H,
where HG is the maximal free abelian quotient of H1(NG). We have therefore a canon-
ical homomorphism Hom(H;F ) ! Hom(HG; F ) so that given any homomorphism
� : H ! F we can consider the induced homomorphism �G := ��� : HG ! F .

Lemma 3.2. Let � : �1(N)! G be an epimorphism to a �nite group G.

(1) �� : Hom(H;F )! Hom(HG; F ) is injective (in particular b1(NG) � b1(N)).
(2) Given � 2 Hom(H;F ) we have rk(Im�) = rk(Im�G).

Proof. Recall that we identify Hom(H;F ) = Hom(�1(N); F ) and, similarly, Hom(HG; F ) =
Hom(�1(NG); F ). Using our identi�cations we have ��� = �j�1(NG). Let � 2 ker��.

For any g 2 �1(N) we have �(g)jGj = �(gjGj) = 0 as gjGj 2 ker� = �1(NG). But
�jGj = 0 implies � = 0, as Hom(�1(N); F ) is torsion-free. This proves the �rst
statement. The second statement is immediate. �

Note that div�G = div(����) � div� �div�� and equality holds by �at if b1(N) = 1.
We mention also that div�� divides jGj, a result that is useful in interpreting some of
the formulae that follow. Proving such relation is a straightforward exercise in group
theory based on Lagrange's formula.
The key tool of this paper is a relation between the twisted Alexander polynomials

of N determined by � and (part of the) the ordinary Alexander polynomials for the
corresponding cover NG. This relation follows from an isomorphism of Alexander
modules that is a straightforward generalization of the Eckmann-Shapiro Lemma in
group cohomology. We have the following:

Lemma 3.3. Let � : H ! F be a non{trivial homomorphism to a free abelian group
F , then

��
N;�;i = �NG;�G;i 2 R[F ]:
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Proof. The proof of this statement follows the steps of the proof of the Eckmann-
Shapiro Lemma: �rst observe that R[F ] inherits a left Z[�1(NG)]{module structure by
restriction of its Z[�1(N)]{module structure. Secondly note that the universal covers
~N and ~NG of N and NG are the same. Using associativity of the tensor product we
have the following canonical isomorphisms of chain complexes of R[F ]{modules

C�( ~NG)
Z[�1(NG)] R[F ] = C�( ~N)
Z[�1(NG)] R[F ]
�= C�( ~N)
Z[�1(N)] (Z[�1(N)]
Z[�1(NG)] R[F ])
�= C�( ~N)
Z[�1(N)] R[G][F ];

where to establish the last equality we have used the fact that Z[�1(N)]
Z[�1(NG)]R[F ]
is canonically isomorphic to R[G][F ]. This proves the lemma, since �NG;�G;i is de�ned
using the �rst chain complex and ��

N;�;i is de�ned using the last chain complex. �

As in the ordinary case, the twisted i{th Alexander polynomials for i = 0; 2; 3
contain only a modest amount of information.

Lemma 3.4. Let N be a 3{manifold, � 2 Hom(H;F ) a non{trivial homomorphism
to a free abelian group and � : �1(N)! G an epimorphism to a �nite group G such
that ��

N;� 6= 0. Then ��
N;�;3 = 1 and

��
N;�;0 = ��

N;�;2 =

8<
:

1 if rk(Im�G) > 1;

(tdiv�G � 1) if Im�G = htdiv�Gi, t 2 F indivisible:

Proof. The calculation follows from Lemma 3.3 and the corresponding well{known
result for the ordinary Alexander polynomial. �

A priori ��
N;� is de�ned only up to units in R[F ]. Using Lemma 3.3 and a result of

Turaev on the �rst Alexander polynomial of closed 3{manifolds ([Tu86, p. 176]) we
can actually suppress the ambiguity of the �rst twisted Alexander polynomial relative
to multiplication by an element of F . Therefore we will be able to assume, whenever
suitable, that ��

N;� 2 R[F ] is symmetric and well{de�ned up to a unit of R.

Consider now the complex C�(N ;R[G][F ]) = C�( ~N) 
Z[�1(N)] R[G][F ]. Equip N

with a �nite CW{structure. Then picking lifts of ordered cells from N to ~N and
using the canonical basis of R[G] as an R{module we can view C�(N ;R[G][F ])
as a based complex of R[F ]{modules. Let Q(F ) denote the �eld of fractions of
R[F ]. It follows from Lemma 3.4 and the fact that Q(F ) is at over R[F ] that
C�(N ;R[G][F ]) 
R[F ] Q(F ) is acyclic if and only if ��

N;� 6= 0. When this complex is
acyclic we can consider its Reidemeister-Franz torsion ��N;� 2 (Q(F ) n f0g)=f�rf jf 2
F; r unit in Rg. Otherwise we set ��N;� = 0. It follows from [Tu01, Theorem 4.7] to-
gether with Lemma 3.4 that ��N;� 6= 0 if and only if ��

N;� 6= 0, furthermore if ��
N;� 6= 0,
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then

(1) ��N;� =
3Y
i=0

(��
N;�;i)

(�1)i+1 2 Q(F )=f�rf jf 2 F; r unit in Rg:

We denote by ��N the torsion associated to the identity map of H, which corresponds
to the multivariable Alexander polynomial (e.g. �N is Milnor's torsion). One of the
properties of torsion is its functoriality, encoded in the following theorem:

Theorem 3.5. Let � : R ! ~R be a ring homomorphism and let � be a non{trivial
element of Hom(H;F ). These induce a ring homomorphism � 
 � : R[H] ! ~R[F ].
Now let

Q = ffg�1jf; g 2 R[H]; (�
 �)(g) 6= 0g � Q(R[H]):

Then ��N;� 2 Q. Furthermore �
 � extends to a homomorphism Q! Q( ~R[F ]) and

(�
 �)(��N) = ��N;�;

this equality taking value in ~R[F ] for b1(N) � 2 and in Q( ~R[F ]) for b1(N) = 1.

Proof. The proof follows again from Lemma 3.3 and functoriality for the ordinary
torsion, proved in [Tu86, Theorem 1.1.3]. (Note that that such result is stated therein
only for R = ~R = Z, but the proof carries over to the general case.) �

The following is an immediate corollary to Lemma 3.4 and Theorem 3.5.

Proposition 3.6. Let N be a 3{manifold and let � : �1(N)! G be an epimorphism
onto a �nite group. Let �� : HG ! H be the induced map. Then the twisted Alexander
polynomials of N and the ordinary Alexander polynomial of NG satisfy the following
relations:
If b1(NG) > 1, then
(2)

��
N =

8<
:

��(�NG
) if b1(N) > 1;

(tdiv�� � 1)2��(�NG
) if b1(N) = 1, Im �� = htdiv ��i, t 2 H indivisible:

If b1(NG) = 1, then b1(N) = 1 and

(3) ��
N = ��(�NG

):

Proof. First assume that ��(�NG
) = 0. Distinguishing the cases where �NG

= 0 and
�NG

6= 0, and applying in the latter case Lemma 3.4 and Equation (1), this implies
that ��(�NG

) = 0. It follows from Theorem 3.5, applied to �� 2 Hom(HG; H), that
�NG;�� = 0, hence �NG;�� = ��

N = 0. Now assume that ��(�NG
) 6= 0; then we have

by Theorem 3.5 and Equation (1) that

��

� 3Y
i=0

(�NG;i)
(�1)i+1

�
=

3Y
i=0

(�NG;��;i)
(�1)i+1 :
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Apply now Lemma 3.3 choosing as � the identity map of H (observing that, for this
choice, �G = ��) and apply Lemma 3.4 twice. Using Lemma 3.2, which implies that
b1(N) = rk(Im��), Equations (2) and (3) follow. �

The proposition above asserts that the twisted Alexander polynomial of N is deter-
mined by the Alexander polynomial of NG or, stated otherwise, by the Seiberg-Witten
invariants of NG.

3.3. Twisted Alexander norms and Thurston norm. We can introduce a norm
on H1(N ;R) determined by the (symmetric) twisted Alexander polynomial ��

N , by
mimicking McMullen's de�nition of the Alexander norm. Precisely we have the fol-
lowing:

De�nition 3.7. Let ��
N be the twisted Alexander polynomial associated to an epi-

morphism � : �1(N) ! G. The twisted Alexander norm associated to � is the
(semi)norm on H1(N ;R) de�ned as

k�k�A := 2maxf�(g)jg 2 supp��
N � Hg:

As for the ordinary case, this is understood to mean that k�k�A = 0 if ��
N = 0.

This norm satis�es, from its de�nition, all the usual properties of the ordinary
Alexander norm. In particular, its unit ball B�

A is a convex (possibly non{compact)
polyhedron, dual to the Newton polyhedron of ��

N . Whenever useful, we will specify
in the notation the manifold to which the norm refers to.
Let � 2 H1(N). We can think of � as an element of the integer lattice of H1(N ;R).

As in the classical Alexander theory, there is a relation between the degree of ��
N;�

and the twisted Alexander norm of �. (Note that for f =
Pm

i=n ait
i; anam 6= 0 we

de�ne deg(f) = m � n, furthermore we write deg(0) = �1 with the understanding
that �1 < a for any a 2 Z). The latter, moreover, is related to the ordinary
Alexander norm of �G on NG. The form of these relations is expressed in the following
proposition.

Proposition 3.8. Let � be a non{trivial element of H1(N); then the following in-
equalities hold true:
(4)

deg��
N;� � k�k�A;N +

8>>>><
>>>>:

2div�G

0

0

� k�GkA;NG
+

8>>>><
>>>>:

2div�G if b1(NG) � b1(N) > 1;

2div�G if b1(NG) > b1(N) = 1;

0 if b1(NG) = b1(N) = 1:

The �rst relation (provided that ��
N 6= 0) is an equality for all � in the cone over the

top{dimensional faces of the unit ball of the twisted Alexander norm (in particular,
whenever b1(N) = 1).
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Proof. Theorem 3.5, applied to � 2 Hom(H;Z) asserts that, denoting ��
N;� =

P
ait

i

and ��
N =

P
g2H bgg, we have

(5)
X

ait
i =

8<
:

(tdiv�G � 1)2�(��
N) = (tdiv�G � 1)2

P
g2H bgt

�(g) if b1(N) > 1;

�(��
N) =

P
g2H bgt

�(g) if b1(N) = 1.

This implies the �rst inequality. Whenever � is in the cone over a top{dimensional
face of the unit ball of the twisted Alexander norm it attains its maximum value at a
single g 2 supp��

N � H which is dual to that face. In that case, the equality holds.
For the second inequality, we can use Proposition 3.6 to determine the relationship
between the twisted Alexander norm of N and the Alexander norm of NG. Write
�NG

=
P

g2HG
cgg 2 R[HG]. Let us consider �rst the cases where b1(NG) � b1(N) > 1

or b1(NG) = b1(N) = 1: using Proposition 3.6, ��
N =

P
g2HG

cg(��g) 2 R[H]; it
follows that the support of ��

N is contained in the image of the support of �NG
, and

when b1(NG) > b1(N) this inclusion may happen to be strict. We deduce that, for all
� 2 H1(N ;R),

k�k�A;N = 2maxf�(��g)j��g 2 supp��
Ng � 2maxf�G(g)jg 2 supp�NG

g = k�GkA;NG
:

This gives the �rst and third line of Equation (4). In the remaining case where
b1(NG) > b1(N) = 1 Proposition 3.6 gives ��

N = (tdiv�� � 1)2
P

g2HG
cg(��g) 2 R[H]

which implies that, for all � 2 H1(N),

k�k�A;N = 2div�� � div�+ 2maxf�(��g)j��g 2 supp��
Ng �

� 2div�G + 2maxf�G(g)jg 2 supp�NG
g

= 2div�G + k�GkA;NG
:

This completes the second line of the inequality and �nishes the proof. �

We can now examine the relationship between the twisted Alexander norm of N
and the Thurston norm, to obtain an inequality �a la McMullen. We have the following
Lemma:

Lemma 3.9. Let � 2 H1(N) be non{trivial. Then we have the following inequality:

(6) k�k�A � jGj � k�kT +

8<
:

0 if b1(N) > 1;

2div�G if b1(N) = 1:

Proof. Corollary 6.13 of [Ga83] states that

jGj � jj�jjT;N = jj�GjjT;NG
:

Combined with McMullen's inequalities for NG and (4) this gives the desired inequal-
ities. �
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4. Main results

4.1. Finite covers and �bered manifolds. Let N be a 3{manifold and let � :
�1(N)! G be an epimorphism to a �nite group G and denote as above by � : NG !
N the induced covering map. Assume that (N; �) �bers over S1 for � 2 H1(N): then
it is well known that (NG; �G) �bers over S

1 too. (In terms of di�erential forms, the
fact that � is �bered corresponds to the fact that there exists a non{degenerate closed
1{form � 2 
1(N;R), unique up to isotopy, representing the corresponding class in
H1
DR(N ;R). The representative for �G is then given by ���.) The Euler class of the

�bration �G, as element of HG, is given by eFT;NG = PDNG
(��PDN(eFT;N )).

We want to analyze the properties of the twisted Alexander polynomial of a �bered
3{manifold. For the rest of the section, we are going to �x R = Z.
We can apply Theorem 2.1 and Proposition 3.6 to NG to get a constraint on the

twisted Alexander and Thurston norms of a �bered class, that is a \twisted version"
of Theorem 2.1. Precisely, we have the following:

Theorem 4.1. Let N 6= S1 � S2 be a �bered 3{manifold, FT be a �bered face of the
Thurston unit ball, and let � : �1(N) ! G be an epimorphism onto a �nite group.
Then the following hold true:

(1) For all � 2 R+FT \H1(N)

k�k�A = 2�(�G) = jGjk�kT +

8<
:

0 if b1(N) > 1;

2div�G if b1(N) = 1;

where �G is a vertex of the Newton polyhedron of ��
N with coe�cient �1. If

b1(N) > 1, then �G = � jGj
2
eFT = jGj� and FT � jGjF�

A (where F�
A is the

top{dimensional face of the Alexander unit ball dual to �G); if b1(N) = 1,

then �G = � jGj
2
eFT + div �� = jGj�+ div �� � jGj.

(2) For all � 2 R+FT\H
1(N), ��

N;� 2 Z[t
�1] is monic and deg ��

N;� = jGj k�kT+
2div�G.

Proof. Write �NG
=
P

g2HG
cgg. As (NG; �G) �bers, Theorem 2.1 states that the

Newton polyhedron of �NG
has a vertex � such that c� = �1, dual to �G. De�ne

(7) �G = ���+

8<
:

0 if b1(NG) � b1(N) > 1 or b1(NG) = b1(N) = 1;

div �� if b1(NG) > b1(N) = 1:

We claim that �G is a vertex of the Newton polyhedron of ��
N =

P
g2H bgg such that

b�G = �1. In fact by Theorem 2.1 �(���) = �G(�) is the unique maximum over all
elements in supp�NG

� HG, which entails that �G is a vertex of supp��
N , dual to �.

Proposition 3.6 then implies that b�G = c� = �1.
As stated in Theorem 2.1 the vertex � equals�1

2
eFT;NG if b1(NG) > 1 and�1

2
eFT;NG+

1 if b1(NG) = 1. A straightforward calculation shows that ��eFT;NG = jGjeFT;N , which
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in turn implies the relation between �G; eFT and � stated in (1). This, together with
the equality '(�eFT ) = k'kT that holds for all ' 2 R+FT , implies the equalities of
(1).
The second part follows either from Theorem 2.1 (2) and Proposition 3.6 or it can

be deduced from (1) as follows. Applying Theorem 3.5 as in Equation (5), we can
write

(8) ��
N;� =

8<
:

(tdiv�G � 1)2�(��
N) = (tdiv�G � 1)2(

P
g2H bgt

�(g)) if b1(N) > 1

�(��
N) =

P
g2H bgt

�(g) if b1(N) = 1:

In either case, by (1), the condition that � is contained in R+FT � R+F
�
A entails

that �(g) attains maximal value in correspondence of the unique �G 2 supp��
N , with

coe�cient b�G = �1. It follows that ��
N;� is monic and

(9) deg��
N;� =

8<
:

2�(�G) + 2div�G = jGjk�kT + 2div�G if b1(N) > 1;

2�(�G) = jGjk�kT + 2div�G if b1(N) = 1;

where for the last equality we have used part (1) and the relation div�G = div�� �
div�. �

It is important to point out that the constraint of part (2) of Theorem 4.1 (and,
later, its symplectic counterpart) is, in practice, the condition that can be directly
tested to investigate if a class � represents a �bration.
Our results in Section 5 and Section 7 (cf. also [FK05a, Ch03, GKM05]) show that

twisted Alexander polynomials are very e�cient at detecting non{�bered manifolds.
This leads us to conjecture the following:

Conjecture 4.2. Let N be a 3{manifold and let � 2 H1(N) a non{trivial class such
that for any epimorphism onto a �nite group � : �1(N) ! G the twisted Alexander
polynomial ��

N;� 2 Z[t
�1] is monic and deg��

N;� = jGj k�kT + 2div�G. Then (N; �)

�bers over S1.

Note that this conjecture is slightly stronger than the converse of Theorem 4.1, as
we are not requiring a priori that � is in the cone over a top-dimensional face of the
Thurston unit ball. In the next subsection, we will discuss how this conjecture relates
to Conjecture 1.1. Further evidence to this conjecture is discussed in Section 8.

4.2. Finite covers and symplectic manifolds. We can use the properties of The-
orem 4.1 to further analyze the relation between �bered 3{manifolds and symplectic
S1 �N , to get more evidence to Taubes' conjecture. The proof of Theorem 4.1 boils
down to the fact that �nite covers of �bered manifolds are �bered again. Similarly,
we will use the fact that �nite covers of a symplectic manifold admit a symplectic
structure to obtain our main theorem.
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Theorem 4.3. Let N be an irreducible 3{manifold such that S1 �N admits a sym-
plectic structure with K�unneth component ' 2 H1(N) and canonical class K. Then
there exists a top{dimensional face FT of the Thurston unit ball such that ' 2 R+FT
for which the same properties as in (1) and (2) of Theorem 4.1 hold true, with �G
equal to jGj

2
PDNK if b1(N) > 1 and jGj

2
PDNK + div �� if b1(N) = 1.

Proof. First, observe that, denoting (with slight abuse of notation) the �nite cover
S1 �NG ! S1 �N by �, the manifold S1 �NG is symplectic with symplectic form
��! whose cohomology class has K�unneth component ��' = 'G, and canonical class
��K (that we can consider as an element of H2(NG)). Moreover, the assumption
of irreducibility of N implies that NG is irreducible too, by the Equivariant Sphere
Theorem (cf. [Du85]). Therefore we can apply Theorem 2.2 for NG in the same way
we applied Theorem 2.1 in the proof of Theorem 4.1, with � equal to 1

2
PDNG

��K if
b1(NG) > 1 and equal to 1

2
PDNG

��K + 1 if b1(NG) = 1. The class �G, de�ned as is
Equation (7), is a vertex of the Newton polyhedron of ��

N , dual to ', with coe�cient
b�G = �1. The relation between the Thurston norm and the twisted Alexander norm
of ' follows verbatim that of Theorem 4.1, with K playing the role of �eFT;N . To
extend the result to the entire cone R+FT , when b1(N) � 2, we use the inclusion of
the unit balls BT � jGjB�

A to grant that, as FT and jGjF�
A intersect, FT � jGjF�

A .
Finally, to obtain (2), we proceed exactly as in the proof of Theorem 4.1. �

For sake of clarity, we give a slightly weaker form of (2) of Theorem 4.3 that will
provide, in what follows, the obstruction to the existence of symplectic forms which
we mostly use.

Proposition 4.4. Let N be an irreducible 3{manifold such that S1 � N admits a
symplectic structure with K�unneth component � 2 H1(N). Let � : �1(N)! G be an
epimorphism onto a �nite group, then ��

N;� 2 Z[t
�1] is monic and

deg ��
N;� = jGj k�kT + 2div�G:

Remark. (1) Note that (2) of Theorem 4.1 (respectively Proposition 4.4) implies
that in order for a class � to be �bered (respectively for S1�N to admit a sym-
plectic form with K�unneth component �) the degrees of the twisted Alexander
polynomials must satisfy deg��

N;� = jGj deg�N;� + 2(div�� � jGj)div�. This
condition can be veri�ed, for a given choice of �, regardless of our explicit
knowledge of the Thurston norm of �, on which we may have no information.
In this sense, these results have a priori a larger �eld of application than
Theorem 2.1.

(2) The content of Theorem 4.3 follows, ultimately, from the symplectic con-
straints on Seiberg-Witten invariants of �nite covers of S1�N . In this sense,
this result is just an application of the well{known principle that we can unveil
information about a manifold by looking at the Seiberg-Witten invariants of
its �nite covers.
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(3) It is not di�cult to verify that, when G = Zd and � : �1(N) ! H ! Zd (i.e.
when NG is a cyclic cover), Theorem 4.3 does not provide any new obstruction,
as in that case the twisted Alexander polynomial is completely determined in
terms of the ordinary Alexander polynomial.

(4) In [Ba01], the author asks whether the orbit space of any symplectic 4-manifold
with a free S1{action is �bered; an a�rmative answer would include, in par-
ticular, Taubes' conjecture. It is possible that proceeding along the lines of
Theorem 4.3 a similar statement can be obtained.

In the next sections we will use these results to show the presence of new ob-
structions to the existence of symplectic structure on certain S1 �N 's for which the
conditions of Theorem 2.2 are instead satis�ed. But, perhaps more importantly, we
can observe that analyzing the statement of Theorem 4.3 (or Proposition 4.4) we
see that an irreducible N for which S1 � N is symplectic satis�es the conditions of
Conjecture 4.2. We have therefore the following:

Corollary 4.5. Conjecture 4.2 implies Taubes' Conjecture 1.1 for irreducible 3{
manifolds.

The condition of irreducibility can actually be removed assuming that the Ge-
ometrization Conjecture holds true, see Proposition 8.1. One appeal of Conjecture
4.2 is that it reduces Taubes' Conjecture to a purely 3{dimensional question (see also
Section 8), that, although possibly stronger, has a distinctively more \quantitative"
avor than Taubes'. Note that, in fact, Taubes' Conjecture follows also from the
slightly weaker condition that Conjecture 4.2 holds for the classes contained in a cone
over the top{dimensional faces of the Thurston unit ball. In both cases Conjecture
1.1 is implied in the strongest sense, namely the Conjecture 4.2 implies that the re-
striction of the symplectic cone(s) of S1 �N to H1(N ;R) coincides with the �bered
cone(s) of N .

5. Abelian invariants do not determine the existence of symplectic

structures

In this section we will exhibit a family of examples where, applying Theorem 4.3,
we will be able to exclude the existence of symplectic structures, even though the
ordinary Alexander polynomial does not provide any obstructions. These examples,
in a sense, are de�ned ad hoc to allow a simple computation of the twisted Alexander
polynomial for suitable G. More challenging, and perhaps more interesting examples
are discussed in Section 7.
The examples we consider are obtained by 0-surgery on an in�nite family of non{

�bered knots Ki. Application of Theorem 4.3 is made possible by the fact that such
manifolds, by [Ga87], are irreducible. Actually, these examples allow us to show a
stronger result, namely that abelian invariants of K can not determine the existence
of symplectic structures on a manifold of the form S1�N(K). We have the following:
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Theorem 5.1. Let K be a non{trivial �bered knot. Then there exist in�nitely many
distinct knots Ki; i 2 N such that for any i

(1) �Ki
= �K, in particular �Ki

is monic,
(2) deg(�Ki

) = 2 g(Ki),
(3) S1 �N(Ki) is not symplectic,
(4) furthermore N(Ki) 6= N(Kj) for any i 6= j.

The proof is somewhat similar to an argument of Cha in [Ch03] concerning the
existence of non{�bered knots with certain properties, and it will require the remain-
der of this section. Before proving this theorem, we briey summarize the satellite
construction for knots.
Let K;C be knots. Let A � S3 n �K be a curve, unknotted in S3. Then S3 n �A

is a solid torus. Let h : @(�A)! @(�C) be a di�eomorphism which sends a meridian
of A to a longitude of C, and a longitude of A to a meridian of C. The space

�
S3 n �A

�
[h
�
S3 n �C

�

is di�eomorphic to S3. The image of K is denoted by S = S(K;C;A) and called a
satellite knot. Note that we replaced a tubular neighborhood of C by a knot in a
solid torus, namely by K � S3 n �A.
It is easy to see that N(S) = (N(K) n �A) [h (S

3 n �C). By mapping S3 n �C
to �A we get an induced map N(S) ! N(K). Now let � : �1(N(K)) ! G be a
homomorphism to a �nite group G; by the above we get an induced map �1(N(S))!
G. Note that A de�nes an element in [A] 2 �1(N(K)) which is well{de�ned up to
conjugation. Let r be the order of �([A]) 2 G. Denote by L(C)r the r{fold cyclic
cover of S3 branched along C.

Lemma 5.2. Assume that [A] = 0 2 H1(S
3 n �K). Then there exists a short exact

sequence

0! H1(L(C)r)
jGj
r 
Z Z[t

�1]! H1(N(S);Z[G][t�1])! H1(N(K);Z[G][t�1])! 0:

Proof. Consider the following commutative diagram of Mayer{Vietoris sequences of
homology groups (where R = Z[G][t�1]):

! H1(@(�A);R) ! H1(N(K) n �A;R) � H1(S
3 n �C;R) ! H1(N(S);R) ! 0

#�= #�= # f #
! H1(@(�A);R) ! H1(N(K) n �A;R) � H1(�A;R) ! H1(N(K);R) ! 0:

Note that [A] = 0 2 H1(S
3 n �K) implies that H1(S

3 n �C) ! H1(N(S)) is the zero
map; it follows that

H1(S
3 n �C;Z[G][t�1]) �= H1((S

3 n �C)r)
jGj
r 
Z Z[t

�1];

H1(�A;Z[G][t
�1]) �= Z

jGj
r 
Z Z[t

�1];
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where (S3 n �C)r denotes the r{fold cyclic cover of S3 n �C. Furthermore H1((S
3 n

�C)r) = H1(L(C)r) � Z, where the Z{summand is generated by the lift of r{copies
of the meridian of C. It follows that

Ker
�
H1(S

3 n �C;Z[G][t�1])! H1(�A;Z[G][t
�1])
	
�= H1(L(C)r)

jGj
r 
Z Z[t

�1]:

The proof now follows easily from the above commutative diagram. �

We are now in a position to prove Theorem 5.1.

Proof of Theorem 5.1. Let K be a non{trivial �bered knot with �ber F . Let A �
S3n�K be a simple closed curve disjoint from F that, after surgery, represents a non{
trivial element in �1(N(K))(1)=�1(N(K))(2). (Recall that the derived series of a group
� is de�ned inductively via G(0) = G;G(i+1) = [G(i); G(i)].) Note that we can �nd such
an A since �1(S

3nK)! �1(N(K)) is surjective and since �1(N(K))(1)=�1(N(K))(2) �=
H1(N(K);Z[t�1]) �= Z

2genus(K) 6= 0. As the linking number of A and K is zero, [A] is
trivial in H1(N(K)). After local crossing changes if necessary we can assume that A
is unknotted in S3. As N(K) is irreducible and since b1(N(K)) = 1 it follows that
N(K) is Haken, hence �1(N(K)) is residually �nite (cf. [He87]). We can therefore
�nd a �nite group G and an epimorphism � : �1(N(K)) ! G such that �([A]) 6= e.
Denote by r the order of �(A) in G. Note that r > 1.
Let Ci to be connected sum of i copies of the �gure{8 knot and of i copies of the

trefoil knot. It follows from [Ch03, Lemma 4.4] that H1(L(Ci)r) is non{trivial.
>From Lemma 5.2 we have H1(N(Ki);Z[t

�1]) �= H1(N(K);Z[t�1]), in particular
�Ki

= �K . Also note that the image of F in (S3 n �A) [� (S3 n �Ci) is still a
Seifert surface for Ki since A � S3 n F , hence from Theorem 2.1 it follows that
2g(Ki) = 2g(K) = deg(�Ki

).
We now show that S1 � N(Ki) is not symplectic. Let � 2 H1(N(Ki)) be one of

the two generators. By Lemma 5.2 there exists a short exact sequence

0! H1(L(Ci)r)
jGj
r 
Z Z[t

�1]! H�(N(Ki);Z[G][t
�1])! H1(N(K);Z[G][t�1])! 0:

Given a �nitely generated Z[t�1]{module H we can de�ne its order ord(H) as in
De�nition 3.1. By the multiplicativity of the order of Z[t�1]{modules (cf. [Le67,
Lemma 5, p. 76]) we have

��
N(Ki)

= ��
N(K) ord

�
H1(L(Ci)r)

jGj
r 
Z Z[t

�1]
�
:

It is easy to see that

ord
�
H1(L(Ci)r)

jGj
r 
Z Z[t

�1]
�
= jH1(L(Ci)r)j

jGj
r :

It follows that ��
N(Ki)

is not monic, hence S1 �N(Ki) is not symplectic by Theorem
4.3.
It remains to show that N(Ki) 6= N(Kj) for i 6= j. Various methods are viable.

We will distinguish the manifolds using the Cheeger{Gromov invariant [CG85] which
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associates to a pair (N; �1(N)! H), H a group, a real number �(2)(N; �1(N)! H).
Using standard arguments (cf. e.g. [COT04]) one can show that

�(2)(N(Ki); �1(N(Ki))! �1(N(Ki))=�1(N(Ki))
(2))

= �(2)(N(K); �1(N(K))! �1(N(K))=�1(N(K))(2)) + �(2)(N(Ci); �1(N(Ci))! Z):

But �(2)(N(Ci); �1(N(Ci)) ! Z) equals the integral over the Levine{Tristram signa-
ture of Ci, which equals 4

3
i (cf. e.g. [COT04, Lemma 5.3]).

�

6. The main theorem for finite fields

As we have seen in Section 5, under favorable circumstances Proposition 4.4 can be
applied directly to verify that for certain manifolds N , S1 �N admits no symplectic
structure. For other cases, however, there is no simple way to compute in a compact
way twisted Alexander polynomials, and we are led to brute force calculations, based
on Fox Calculus (see [CF77]). The goal of this section is to determine an e�ective
method for implementing the results of Section 4 to get constraints that can be
explicitly veri�ed by a computer algebra system. As our main concern at this point is
computational, we will focus only on the consequences of Theorem 4.3, but it should
be clear that the results discussed in what follows can be formulated more or less
verbatim for the study of �bered classes, partially recovering this way the results of
[FK05a].
The one{variable Alexander polynomial ��

� 2 Z[t�1] can in theory be computed
from a presentation of �1(N) using Fox calculus. In practice this turns out to be non
viable since this requires the computation of determinants of large matrices over the
ring Z[t�1] and since it requires the computation of many greatest common divisors.
It is much easier to compute determinants and hence twisted Alexander polynomials

over the principal ideal domain Fp[t
�1]. As we will see switching to Fp[t

�1] also has
the added advantage that we will be able to work with smaller representations (cf.
Theorem 6.7).
Let N be a 3{manifold, � : �1(N) ! G an epimorphism to a �nite group, and

let � 2 Hom(H;F ) be a non{trivial homomorphism. We denote the induced repre-
sentation �1(N) ! AutZ(Z[G]) (cf. Section 3 for details) by � as well, and given a
prime p we denote the representation �1(N)! AutFp(Fp[G]) by �p. We therefore get
Alexander polynomials �� 2 Z[F ] and ��p 2 Fp[F ]. Remember that ��p 2 Fp[F ]
is well-de�ned only up to an overall multiplication by a non{zero element of Fp, see
Section 3. In particular we lose the notion of monicness. This polynomial is related
to �� by the following proposition, which is another direct corollary to Lemma 3.4
and Theorem 3.5.

Proposition 6.1. Let � : H ! F be a non{trivial homomorphism to a free abelian
group F . Let �� 2 Z[F ] and ��p 2 Fp[F ] be the twisted Alexander polynomials
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associated to an epimorphism � : �1(N)! G. Then

(10) ��p = �� mod p

where the relation above holds in Fp[F ] up to multiplication by a unit in Fp[F ].

Proposition 6.1 provides a way to determine, at least in principle, the twisted
Alexander norm k �k�A in terms of the family of norms k �k

�p
A associated to the twisted

Alexander polynomials ��p since Equation (10) implies that supp��p � supp�� andS
p supp�

�p = supp��. Furthermore Proposition 6.1 allows us to characterize the
elements of supp�� with coe�cient �1, as these are the only ones whose reduction
mod p is never trivial. In sum, we have the following corollary:

Corollary 6.2. Let N be a closed 3{manifold and let � : �1(N)! G an epimorphism
to a �nite group. Then for all � 2 H1(N ;R)

k�k�A = max
p
fk�k

�p
A g:

Furthermore if � lies in the cone over a top{dimensional face of the unit ball of the
twisted Alexander norm jj�jj�A which is dual to an element of supp�� with coe�cient
�1, then k�k�A = k�k

�p
A for all primes p.

Using Corollary 6.2, we can write a reformulation of Theorem 4.3 for �nite �elds:

Theorem 6.3. Let N be an irreducible 3{manifold such that S1 �N admits a sym-
plectic structure with K�unneth component ' 2 H1(N). Then there exists a top{
dimensional face FT of the Thurston unit ball such that ' 2 R+FT . Furthermore for
any prime p we have ��p 6= 0 and for all � 2 R+FT \H1(N) we have

(11) k�k
�p
A = jGj k�kT +

8<
:

0 if b1(N) > 1;

2div�G if b1(N) = 1:

In particular, if � 2 R+FT \H1(N), deg �
�p
� = jGj k�kT + 2div�G for all primes p.

Remark. (1) Note that, due to the indeterminacy in the de�nition of the coe�-
cients of ��p , condition (1) in Theorem 4.3 implies just that �G has non{zero
coe�cient in ��p . In this sense, that condition is automatically included in
Equation (11). On the other direction, the non{vanishing of the coe�cient
of �G in ��p for all primes p (implied by Equation (11)) guarantees that the
coe�cient of �G in �� equals �1.

(2) Theorem 6.3 ensures that if N is an irreducible manifold and � 2 R+FT \
H1(N) represents the K�unneth component of a symplectic form, then �

�p
� is

non{trivial for all primes p.

At this point, we could implement Theorem 6.3 by computing the polynomials �
�p
�

using Fox calculus. However, the computations would be still very time consuming
since the matrices involved are very large. It is therefore much more useful to �nd
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criteria involving `small' representations of �1(N): Assume we are given a represen-
tation �p : G ! AutFp(B), B a �nite Fp{module. We have Alexander polynomials

�
�p��
N;�;i 2 Fp[t

�1] which we denote by �
�p
N;�;i. It is well{known that given a presentation

of �1(N) these polynomials can be computed for i = 0; 1 using Fox calculus; we refer
to [FK05a] for the computation when i = 2.
For these Alexander polynomials, a McMullen-type inequality (similar to Lemma

3.9) is one of the main results of [FK05a] and [FK05b]:

Theorem 6.4. Let N be a 3{manifold, B a �nite Fp{module and let �p : G !
AutFp(B) be a representation. If ��p 6= 0, then for all non{zero � 2 H1(N) we have
the following inequalities:

k�k
�p
A � dim(B)k�kT +

8<
:

0 if b1(N) > 1;

deg�
�p
�;0 + deg�

�p
�;2 if b1(N) = 1:

Note that in the case where B = Fp[G] we can apply Lemma 3.4 to conclude that
div�G = deg�

�p
�;0 = deg�

�p
�;2.

The constraints on the existence of symplectic structures obtained thus far (The-
orems 4.3 and 6.3) apply to the twisted Alexander polynomials de�ned using the
modules Z[G][H] and Fp[G][H]. We want to translate them into conditions on the

polynomials �
�p
N;�;i. To do so, we will need a further assumption, namely we will choose

Fp and G so that any Fp[G]{module is semisimple, i.e. that the Fp{representations of
G are completely reducible. Concerning this we have the following well{known version
of Maschke's Theorem:

Theorem 6.5. Let p be a prime such that (p; jGj) = 1. Then every Fp[G]{module is
semisimple. Moreover, every simple Fp[G]{module is a direct summand of Fp[G].

Proof. For the �rst part we refer to [Ro96, p. 216]. For the second part, let C be
a simple Fp[G]{module and let v 2 C. Then there exists a short exact sequence of
Fp[G]{modules:

0 ! K ! Fp[G] ! C ! 0
g 7! vg:

Note that the last map must be an epimorphism since C is simple. Since Fp[G] is a
semisimple left Fp[G]{module, the sequence above splits and we can write Fp[G] =
K � C. �

Let us then assume that (p; jGj) = 1. The twisted Alexander polynomials associ-
ated to a reducible Fp[G]{module satisfy the following lemma.

Lemma 6.6. Let �p : G ! AutFp(B) and p : G ! AutFp(C) be �nite dimensional
representations. Denote the direct sum of the representations by �p � p : G !
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AutFp(B � C). Furthermore let � : �1(N) ! F be a non{trivial homomorphism to a
free abelian group F . Then

�
�p�p
�;i = �

�p
�;i ��

p
�;i

and, for all � 2 H1(N ;R), k�k
�p�p
A = k�k

�p
A + k�k

p
A .

Proof. We have H�(N ; (B � C)[F ]) �= H�(N ;B[F ]) � H�(N ;C[F ]); therefore we
can get a free resolution of H�(N ; (B � C)[F ]) as direct sum of the resolutions
of H�(N ;B[F ]) and H�(N ;C[F ]), which implies the relation between the twisted
Alexander polynomials. The relation between the twisted Alexander norms follows
at once from that relation (for the case of F = H), for example by looking at the dense
subset of H1(N ;R) given by the intersection of the cones on the top{dimensional faces

of the unit balls of the norms k � k
�p
A and k � k

p
A , and using continuity. �

We can state now the analogue of Theorem 6.3 for a general Fp[G]{module B with
(p; jGj) = 1:

Theorem 6.7. Let N be an irreducible 3{manifold such that S1 �N admits a sym-
plectic structure with K�unneth component ' 2 H1(N); then there exists a top{
dimensional face FT of the Thurston unit ball such that ' 2 R+FT and such that
for all � 2 R+FT \ H1(N), any epimorphism � : �1(N) ! G onto a �nite group G
and any Fp[G]{module B with (p; jGj) = 1

(12) k�k
�p
A = dim(B)k�kT +

8<
:

0 if b1(N) > 1;

deg �
�p
�;0 + deg �

�p
�;2 if b1(N) = 1:

In particular, if � 2 R+FT \H1(N), deg �
�p
� = dim(B)k�kT + deg �

�p
�;0 + deg �

�p
�;2

for all primes p.

Proof. First observe that by Maschke's Theorem and Lemma 6.6, we can limit our-
selves to consider the case where B is a simple Fp[G]{module, and thus a direct
summand of Fp[G]. Denote by C the Fp[G]{module such that Fp[G] = B � C. De-
note the Fp[G]{module structures by �p respectively p. Note that it follows from
Theorem 6.3 and Lemma 6.6 that ��p 6= 0 and �p 6= 0, which allows us to apply
Theorem 6.4. Now applying in order Theorem 6.3, Lemma 6.6 and Theorem 6.4
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(twice) we have

jGj k�kT +

8<
:

0

deg�
�p
�;0 + deg�

�p
�;2

= k�k
�p
A = k�k

�p
A + k�k

p
A �

� jj�jj
�p
A + dim(C)k�kT +

8<
:

0 if b1(N) > 1;

deg�
p
�;0 + deg�

p
�;2 if b1(N) = 1;

� (dim(B) + dim(C))k�kT +

8<
:

0 if b1(N) > 1;

deg�
�p
�;0 + deg�

�p
�;2 + deg�

p
�;0 + deg�

p
�;2 if b1(N) = 1:

It follows from Lemma 6.6 that the last term equals the �rst term. But this implies
that all inequalities are in fact equalities, and this shows that (12) holds for a simple

module, and thus for all Fp[G]{modules. Finally, the condition on deg�
�p
� follows

from (12), a version of Theorem 3.5 for general representations proved in [FK05b]
and the argument in the proof of Proposition 3.8, applied to ��p . �

Remark. In studying the problem of �berability of (N; �) we could have obtained the
result of Theorem 6.7 directly for any R[G]{module, without having to pass through
the results of Section 4 (this is in fact the approach of [FK05a]). Instead, for the
symplectic case, we have to follow that path, as the twisted Alexander polynomial
�� associated to R[G] is the only one that can be interpreted directly in terms of
Seiberg-Witten theory, allowing us to apply the corresponding symplectic constraints.
It is entirely possible, however, that Theorem 6.7 holds true without the condition
(p; jGj) = 1.

7. Kronheimer's example and 12{crossing knots

7.1. Kronheimer's example: the Pretzel knot P = (5;�3; 5). We will now
consider the Pretzel knot P = (5;�3; 5), whose diagram is given in Figure 1. This
knot has Alexander polynomial t2�3t+1 and has a Seifert surface of genus one. The
fundamental group of S3 n�P is generated by the meridians a; b; : : : ;m of the strands
in the knot diagram of Figure 1. The relations are

a = h�1bh; b = g�1cg; c = jdj�1; d = m�1em; e = l�1fl;
f = c�1gc; g = b�1hb; h = a�1ia; i = djd�1; j = ckc�1;
k = f�1lf; l = e�1me; m = d�1ad:

The longitude is represented by � = h�1g�1jm�1l�1c�1b�1a�1dcf�1e�1d�1a7. Clearly
�1(N(P )) = �1(S

3 n �P )=h�i.
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Figure 1. The pretzel knot (5;�3; 5).

Using the computer program KnotTwister [Fr05] we found an epimorphism � :
�1(N(P ))! S5 which is given by

a 7! (51234) b 7! (43521) c 7! (54132) d 7! (43521)
e 7! (35214) f 7! (23451) g 7! (35214) h 7! (24153)
i 7! (35421) j 7! (41532) k 7! (54213) l 7! (41532)
m 7! (24153):

Now consider the representation �7 : �1(N(P ))
�
�! S5 ! GL(F7; 5) where S5 acts on

F
5
7 by permutation of the coordinates. Using KnotTwister we compute that ��7 = 0

and deg��7
0 = deg��7

2 = 1. Since p = 7 and jS5j = 120 are coprime it follows
immediately from Theorem 6.7, applied to a generator � 2 H1(N(P )), that S1�N(P )
is not symplectic.

7.2. 12{crossing knots. It is well{known that a knot K with 11 crossings or less is
�bered (and equivalently N(K) is �bered) if and only if 2 g(K) = deg(�K) and �K

is monic. It follows therefore from Theorem 2.2 that if K is a knot with 11 crossings
or less, then S1 �N(K) is symplectic if and only if K is �bered.
By work of Stoimenow and Hirasawa and the results of [FK05a] there exist 13

non{�bered 12{crossing knots which have monic Alexander polynomials and such
that deg(�K) = 2 g(K). According to [FK05a] these knots are 121345, 121498, 121502,
121546, 121567, 121670, 121682, 121752, 121771, 121823, 121938, 122089, 122103 (where we use
Knotscape notation [HT]). For these 13 knots Theorem 2.2 is not strong enough to
show that S1 �N(K) is not symplectic. The following table shows all the knots for
which we found a representation �p : �1(N(K)) ! G = Sk ! GL(Fp; k) (where Sk
acts by permutation on Fkp) such that gcd(p; jSkj) = 1 and such that either ��p = 0
or

deg��p < k � (2g(K)� 2) + deg�
�p
0 + deg�

�p
2 :

For these knots K the manifold S1�N(K) is not symplectic by Theorem 6.7. In the
following table we give all the relevant data. Recall that we write deg��p = �1 if
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��p = 0.

Knot 121345 121498 121502 121546 121567 121752
k�kT = 2g(K)� 2 2 4 4 2 2 2

Order k of permutation group 6 6 5 5 5 6
Prime p 7 7 11 7 7 17

deg�
�p
0 = deg�

�p
2 1 1 1 1 1 1

deg��p �1 24 14 �1 �1 10

k(2g(K)� 2) + deg�
�p
0 + deg�

�p
2 14 26 22 12 12 14

Knot 121670 121771 121823 121938 122089 122103
k�kT = 2g(K)� 2 2 2 2 2 2 2

Order k of permutation group 6 5 6 5 5 5
Prime p 17 7 7 11 11 7

deg�
�p
0 = deg�

�p
2 1 2 2 1 1 1

deg��p 10 10 �1 4 4 �1

k(2g(K)� 2) + deg�
�p
0 + deg�

�p
2 14 16 16 14 14 14

This approach did not work for the knot K = 121682. The stumbling block in
our e�orts was the condition (jGj; p) = 1. However, we can bypass this problem by
applying directly Theorem 6.3 using a map � : �1(N(K)) ! A4 such that ��3 2
F3[t

�1] has degree 21 and deg(��3
0 ) = deg(��3

2 ) = 3. Note that jA4j = 12 and that
g(K) = 2. It follows that

deg��3 = 21 6= 30 = jA4j(2g(K)� 2) + deg��3
0 + deg��3

2 :

Therefore S1 �N(K) is not symplectic by Theorem 6.3. Together with the previous
results, we conclude that Taubes' conjecture holds for all knots with up to 12 crossings.

Remark. Note that the proof of non{�beredness of these knots contained in [FK05a]
does not, in many cases, apply to show that S1 � N(K) is not symplectic, as the
(computationally somewhat simpler) representations therein considered mostly fail
to satisfy the condition (p; jGj) = 1.

8. The fiberedness conjecture and 3{manifold groups

The aim of this section is to discuss some evidence to Conjecture 4.2. To start, it
is more or less explicitly known that the hypothesis of Conjecture 4.2 are su�cient
(assuming the Geometrization Conjecture) to show that N is prime, a condition that
is well{known to hold for �bered manifolds. Precisely, we have the following:

Proposition 8.1. Let N be a 3{manifold which is not prime and let � 2 H1(N). If
the Geometrization Conjecture holds, then there exists an epimorphism � : �1(N)!
G, G a �nite group, such that ��

�(t) = 0 2 Z[t�1].

This statement a�ords a direct proof using a Mayer{Vietoris decomposition for
the Alexander module for a connected sum. It can also be simply deduced (see
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[McC01] or [Vi99]) from standard vanishing theorems for Seiberg-Witten invariants
of a suitable cover of N , whose existence is granted by the Geometrization Conjecture
which implies that �1(N) is residually �nite (cf. [He87]). Note that without that
assumption, the proof shows that a manifoldN satisfying the hypothesis of Conjecture
4.2 is prime up to the connected sum with a homology sphere which does not admit
non{trivial �nite covers.
In the following let N be a 3{manifold and let � 2 H1(N) a non{trivial class such

that for any epimorphism onto a �nite group � : �1(N) ! G the twisted Alexander
polynomial ��

N;� 2 Z[t�1] is monic and deg��
N;� = jGj k�kT + 2div�G. Let S be

a Thurston norm minimizing surface dual to �. As by hypothesis �� 6= 0 we can
assume, by [McM02], that S is connected. Then let M be the result of cutting N
along S. Denote the positive and the negative inclusions of S into M by i+ and i�.
Since S is minimal, i+ : �1(S) ! �1(M) is injective by Dehn's Lemma. Since N is
prime it follows easily from Stallings' theorem [St62] that (N; �) �bers over S1 if and
only if i+ : �1(S)! �1(M) is surjective.

Proposition 8.2. H�
1 (S;Z[G]) and H

�
1 (M ;Z[G]) are free abelian groups of the same

rank.

Proof. First note that H�
1 (S;Z[G]) is the �rst homology of the (not necessarily con-

nected) cover of S corresponding to �1(S)! G, hence H�
1 (S;Z[G]) is free abelian.

Let p be a prime. It follows from Proposition 6.1 that �
�p
� 6= 0. By Lemma 3.4

H�
2 (N ;Fp[G][t

�1]) is Fp[t
�1]{torsion. Therefore the Mayer{Vietoris sequence for N

with Fp[G][t
�1]{coe�cients gives a short exact sequence (cf. [FK05a] for details)

0! H
�p
1 (S;Fp[G])
Fp

Fp[t
�1]

ti+�i�
����! H

�p
1 (M ;Fp[G])
Fp

Fp[t
�1]! H

�p
1 (N ;Fp[G][t

�1])! 0:

Tensoring with Fp(t) we see that in particular H
�p
1 (S;Fp[G]) �= H

�p
1 (M ;Fp[G]) for

every prime p as Fp{vector spaces. Note that H
�
0 (S;Z[G])

�= Z[G=Imf�1(S) ! Gg]
and H�

0 (M ;Z[G]) �= Z[G=Imf�1(M) ! Gg]; in particular both are Z{torsion free.
It follows from the universal coe�cient theorem applied to the Z{module complex
C�( ~S)
Z[�1(S)] Z[G] that

H�
1 (S;Z[G])
Z Fp

�= H
�p
1 (S;Fp[G])

for every prime p. The same statement holds for M . Combining our results we
see that H�

1 (S;Z[G]) 
Z Fp
�= H�

1 (M ;Z[G]) 
Z Fp for any prime p. It follows that
H�

1 (S;Z[G])
�= H�

1 (M ;Z[G]). �

Now consider the exact sequence

H�
1 (S;Z[G])
 Z[t

�1]
ti+�i�
����! H�

1 (M ;Z[G])
 Z[t�1]! H�
1 (N ;Z[G][t�1])! 0:

SinceH�
1 (S;Z[G]) andH

�
1 (M ;Z[G]) are free abelian groups of the same rank it follows

that ��
�(t) = det(ti+� i�). Note that this does not yet imply that i+ and i� have full
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rank. Write b�i (S) = rankZ(H
�
i (S;Z[G])). A standard Euler characteristic argument

shows that
�b�0 (S) + b�1 (S)� b�2 (S) = �jGj�(S) = jGj � jj�jjT :

Furthermore b�i (S) = deg��
�;i for i = 1; 2 by [FK05a, Propositions 4.9 and 4.11].

Combining this with the assumption

deg��
� = jGj k�kT + 2div�G = jGj jj�jjT + deg��

�;0 + deg��
�;2

we get that deg(det(ti+ � i�)) = deg��
� = b�1 (S). Since i+ and i� are b�1 (S)� b�1 (S)

matrices over Z it now follows clearly that det(i+) equals the top coe�cient of ��
�,

namely 1. Similarly det(i�) = 1. This shows that i+ : H�
1 (S;Z[G]) ! H�

1 (M ;Z[G])
is an isomorphism.
Summarizing, this discussion shows that Conjecture 4.2 follows from the Geometriza-

tion Conjecture and the following question in the theory of 3{manifold groups.

Conjecture 8.3. Let S be an incompressible surface in a 3{manifold N and let M
be N cut along S. Let i : S ! M be one of the positive and the negative inclu-
sions of S into M . If i : H�

1 (S;Z[G]) ! H�
1 (M ;Z[G]) is an isomorphism for every

homomorphism �1(N)! G, G a �nite group, then i : �1(S)! �1(M) is surjective.

Note that it is well{known that the inclusion induced homomorphisms �1(S) !
�1(N) and �1(M) ! �1(N) are injections. We think that an a�rmative answer to
the above conjecture will need a strong condition on �1(N) (of which �1(M) and
�1(S) are subgroups) such as subgroup separability, which is conjectured to hold for
fundamental groups of hyperbolic manifolds (cf. [Th82]).
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