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Abstract. Let N is a prime 3-manifold that is not a closed graph mani-
fold. Building on a result of Hongbin Sun and using a result of Asaf Hadari

we show that for every k ∈ N there exists a finite cover Ñ of N such that

|TorH1(Ñ ;Z)| > k.

1. Introduction

Let N be a 3-manifold. Here and throughout the paper all 3-manifolds are
understood to be compact, orientable, connected and with empty or toroidal
boundary. If N is prime, then we denote by vol(N) the sum of the volumes of
the hyperbolic pieces in the geometric decomposition of N . Furthermore, given
an abelian group A we denote by TorA the torsion subgroup. The following
conjecture has been formulated in similar forms by many mathematicians. (See
e.g. [BV13], [Lü13, Conjecture 1.12], [Le14, Conjecture 1] and [AFW15, Ques-
tion 7.5.2])

Conjecture 1.1. For every prime 3-manifold N there exists a cofinal regular

tower {Ñn} of N such that

lim
n→∞

1

[Ñn : N ]
ln
∣∣TorH1(Ñn;Z)

∣∣ =
1

6π
vol(N) ?

For graph manifolds, i.e. manifolds with vol(N) = 0, this conjecture, in fact
a stronger version of it, was independently proved by Le [Le14] and Meumertz-
heim [Me16].

A proof of Conjecture 1.1 would in particular imply that if vol(N) is greater
than zero, i.e. if N is not a graph manifold, then N admits finite covers such that
the torsion in the first homology becomes arbitrarily large.

Even this statement is highly non-trivial. For closed hyperbolic 3-manifolds
this was first proved by Sun [Su15], building on the techniques pioneered by
Kahn–Markovic [KaM12]. More precisely, Sun proved the following theorem.

Theorem 1.2. (Sun) If N is a closed hyperbolic 3-manifold, then for every

k ∈ N there exists a finite cover Ñ of N (not necessarily regular) such that

|TorH1(Ñ ;Z)| > k.

One can ask for which other 3-manifolds does the conclusion of Theorem 1.2
hold. Evidently the conclusion does not hold for some Seifert fibered spaces like
S3 or products S1 × Σ.

In this short note we observe that a recent theorem of Hadari [Ha15], stated
below as Theorem 2.1, can be used to extend the conclusion of Theorem 1.2
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to all hyperbolic 3-manifolds with boundary and more generally, to all prime
3-manifolds that are not graph manifolds.

Theorem 1.3. If N is a prime 3-manifold that is not a graph manifold, then for

every k ∈ N there exists a finite cover Ñ of N such that |TorH1(Ñ ;Z)| > k.

In many cases the finite covers we produce will turn out to be irregular covers.

Using Hadari’s theorem we can also prove the following result on virtual torsion
homology of graph manifolds.

Theorem 1.4. Let N be a virtually fibered graph manifold, which is not a Seifert

fibered space. Then for every k ∈ N there exists a finite cover Ñ of N such that

|TorH1(Ñ ;Z)| > k.

Note that by [WY97, Theorem 0.1] every graph manifold with non-trivial
boundary is virtually fibered. So the statement of Theorem 1.4 applies in par-
ticular to any graph manifold with boundary that is not a Seifert fibered space.
We conclude this introduction with the following question.

Question 1.5. Does every graph manifold with non-trival JSJ decomposition
admit arbitrarily large torsion homology in finite covers?

Final remark. Just as we were about to finish this paper we saw a preprint
by Yi Liu [Li17]. He showed in particular, see [Li17, Corollary 1.4], that every
irreducible compact 3-manifold with empty or toroidal boundary that is not a

graph manifold admits a regular finite cover Ñ such that |TorH1(Ñ ;Z)| 6= 0.

Conventions. All manifolds, in particular all surfaces, are assumed to be con-
nected, compact and orientable, unless we say explicitly otherwise.

Acknowledgment. Both authors gratefully acknowledge the support provided
by the SFB 1085 ‘Higher Invariants’ at the University of Regensburg, funded by
the DFG.

2. Proofs

2.1. Preparations. Given a surface S we denote by Mod(S) the mapping class
group of S, i.e. the group of all self-diffeomorphisms of S up to isotopy. The
following theorem, that extends earlier work of Koberda and Mangahas [Ko15,
KoM15], was recently proved by Hadari [Ha15].

Theorem 2.1. (Hadari) Let S be a surface with non-empty boundary. Let
ψ ∈ Mod(S) be an element of infinite order. Then there exists a finite solvable

cover S̃ → S and a lift ψ̃ of ψ to S̃ such that the action of ψ̃ on H1(S̃;Z) has
infinite order.

Definition. Let S be a subsurface of a surface F .

(1) We say S is π1-injective if π1(S) → π1(F ) is a monomorphism. (Recall
that by our convention surfaces are connected.) Similarly we define H1-
injective.

(2) We say S is a proper subsurface if S 6= F .
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Later on we will need the following extension of Theorem 2.1.

Proposition 2.2. Let F be a surface and let ψ be a self-diffeomorphism of F . If
there exists a π1-injective proper subsurface S of F such that ψ restricts to a self-

diffeomorphism of S with infinite order, then there exists a finite cover F̃ → F

and a lift θ̃ of some power θ = ψk such that the action of θ̃ on H1(F̃ ;Z) has
infinite order.

In the proof of Proposition 2.2 we will need the following three lemmas, all
three of them are surely known to the experts.

Lemma 2.3. Let F be a surface and let S be a subsurface of F that is π1-injective.
Let x0 ∈ S be a base point. There exists a finite-index subgroup π of π1(F, x0)
that contains π1(S, x0) and such that π1(S, x0) ⊂ π is a retract.

Proof. This lemma was shown implicitly by Scott [Sc78, Sc85], see also [FW16,
Theorem 18]. �

Lemma 2.4. Let F be a surface and let ψ : F → F be a diffeomorphism that
fixes a base point x0. Let p : F → F be a finite cover and let x0 be a pre-image of
x0. Then there exists a k ∈ N such that ψk lifts to a diffeomorphism φ : F → F
with φ(x0) = x0.

Proof. We pick a base point x0 of F with p(x0) = x0. We write π = π1(F, x0)
and we write m = [F : F ] = [π1(F , x0) : π]. We denote by Gm(π) the set of
subgroups of π of index m. The isomorphism ψ∗ : π → π acts on Gm(π) in an
obvious way. Note that the set Gm(π) is finite since π1(F, x0) is finitely generated.
It follows that there exists a k ∈ N such that the action of ψk∗ on Gm(π) is trivial.
But this implies in particular that ψk∗ preserves p∗(π1(F , x0)), i.e. ψk∗ restricts to
an isomorphism p∗(π1(F , x0)) → p∗(π1(F , x0)). Standard covering theory now
implies that ψk lifts to a diffeomorphism F → F . �

Lemma 2.5. Let p : X̃ → X be an m-fold covering of a surface X. Let x0 ∈ X
be a base point and let x̃0 a point in X̃ with p(x̃0) = x0. Let ψ : X → X be a
homeomorphism with ψ(x0) = x0. Then the following statements hold:

(1) If ψ̃ is a lift of ψ to a homeomorphism of X̃, then ψ̃m!(x̃0) = x̃0.

(2) Suppose α and β are two lifts of ψ to a homeomorphism of X̃. If α(x̃0) =
β(x̃0), then α = β.

Proof. Since ψ̃ is a lift it acts via permutation on the set p−1(x0) and hence the
first statement follows. The second statement follows from the uniqueness of
lifts. �

Proof of Proposition 2.2. Let F be a surface, let ψ be a self-diffeomorphism of
F and let S be a π1-injective proper subsurface of F such that ψ restricts to a
self-diffeomorphism of S with infinite order. After an isotopy we can without loss
of generality assume that ψ fixes a base point x0 ∈ S.

By Lemma 2.3 there exists a finite-index subgroup π of π1(F, x0) that contains
π1(S, x0) and such that there exists a retraction γ : π → π1(S, x0). Thus we
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obtain the following commutative diagram

π
γ

tt

� _

��
π1(S, x0) �� //

�'

44

π1(F, x0).

We denote by q : F → F the finite covering corresponding to π. By elementary
covering theory we can and will view S as a subsurface of F . In particular we
will equip S and F with the base point x0 ∈ S ⊂ F .

Furthermore, by Lemma 2.4 there exists a l ∈ N such that ψl lifts to a self-
diffeomorphism φ of F with φ(x0) = x0. Note that φ|S = (ψ|S)l. In particular
φ|S has infinite order. Therefore we obtain from Theorem 2.1 a finite regular

cover r : S̃ → S of degree h such that σ = φ|S lifts to a self-diffeomorphism σ̃ of

S̃ such that the induced action of σ̃ on H1(S̃;Z) has infinite order.
We denote by ϕ : π1(S, x0) → G the epimorphism given by the projection

map π1(S, x0) → π1(S, x0)/π1(S̃, x0). We denote by r : F̃ → F the covering

corresponding to ker(ϕ ◦ γ). We can and will view S̃ as a subsurface of F̃ .
Summarizing we obtain the following diagrams

π1(F̃ , x̃0)
γ

uu

� _

r∗��

π1(S̃, x̃0)� _

r∗
��

�(

55

π1(F , x0)
γ

uu

π1(S, x0)
�(

55

ϕ
��
G

F̃ 	φ̃

r
��

σ̃n � S̃

r
��

( �

55

F 	φ
n

σn=φ
n|S� S

' �

55

We pick a base point x̃0 of S̃ such that r(x̃0) = x0. Note that by Lemma 2.4
we obtain an m ∈ N such that the self-diffeomorphism ϕ := φ

m
of F lifts to a

self-diffeomorphism ϕ̃ of F̃ . We write n = h!. It follows from Lemma 2.5 (1) that
ϕ̃n and σ̃n both fix the base point x̃0. Note that ϕ̃n|S̃ and σ̃n are both lifts of
(ϕ|S)n = σnm. Since both fix x̃0 we obtain from Lemma 2.5 (2) that ϕ̃n|S̃ = σ̃n.

Since π1(S̃, x̃0) is a retract of π1(F̃ , x̃0) we see that H1(S̃;Z) is also a retract of

H1(F̃ ;Z), in particular the map H1(S̃;Z)→ H1(F̃ ;Z) is a monomorphism. Sum-

marizing we see that the restriction of φ̃n to the subgroup H1(S̃;Z) ⊂ H1(F̃ ;Z)

equals σ̃n∗ , hence it has has infinite order. But θ̃ = ϕ̃n is a lift of ψk with
k = lmn. �

Given a surface F and ψ ∈ Mod(F ) we denote by M(F, ψ) the corresponding
mapping torus. Furthermore, by a slight abuse of notation we denote the induced
isomorphism H1(F ;Z)→ H1(F ;Z) by ψ as well. Also, given a free abelian group
H and an automorphism ψ of H we denote the corresponding semidirect product
by Z nψ H. For future reference we record the following well-known lemma.
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Lemma 2.6. Given a surface F and ψ ∈ Mod(F ) we have the following isomor-
phisms

H1(M(F, ψ);Z) ∼= H1(Z nψ H1(F ;Z);Z) ∼= Z⊕H1(F ;Z)/(ψ − id)H1(F ;Z).

Later on we will need the following proposition.

Proposition 2.7. Let A ∈ GL(k,Z) be a matrix of infinite order such that every
eigenvalue of A is a root of unity. Then given any m ∈ N there exists an n such
that

Zk/(An − id)Zk

has an element of order m.

Proof. Since all eigenvalues of A are roots of unity we can, possibly after going
to a finite power of A, assume that all eigenvalues are in fact equal to 1.

Claim. The matrix B := A− id is nilpotent, more precisely, Bk = 0.

Since 1 is the only eigenvalue of A there exists a rational matrix Q such that
QAQ−1 = id +C where C = (cij) is a rational matrix with cij = 0 for i ≥ j. In
particular Ck = 0. But then

QBkQ−1 = Q(A− id)kQ−1 = (QAQ−1 − id)k = Ck = 0.

This concludes the proof of the claim.

Claim. Given m ∈ N there exists an n such that all entries of

An − id

are divisible by m.

By the previous claim we have Bn = 0 for all n ≥ k. Now for any n ≥ k we
have

An − id = (id +B)n − id =
k−1∑
i=1

(
n
i

)
Bi.

We choose n = (k− 1)!m. Then given any i ∈ {1, . . . , k− 1} the natural number
m divides (

n
i

)
=

n

i

(
n− 1
i− 1

)
.

This concludes the proof of the claim.
Now let m ∈ N and pick n as in the previous claim. Since A has infinite order

the matrix An − id is non-zero. We deduce that Zk/(An − id)Zk contains an
element of order m. �

The following theorem is a slight generalization of results of Silver–Williams
[SW02] and Jean Raimbault [Ra12].

Theorem 2.8. Let F be a surface and ψ ∈ Mod(F ) such that the action of ψ
on H1(S;Z) has at least one eigenvalue λ with |λ| > 1, then for any k ∈ N there
exists an n ∈ N such that |TorH1(M(F ;ψn);Z)| > k.
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Proof. We denote by p(t) the characteristic polynomial of the action of ψ on the
free abelian group H1(S;Z). Raimbault [Ra12, Theorem 0.2] showed that

lim
n→∞

1

n
· log |TorH1(M(F ;ψn);Z)| = log

( 2g∏
i=0

max {1, |λi|}
)
,

where λ1, . . . , λ2g are the eigenvalues of ψ. By assumption p(t) has a zero λ
with |λ| > 1 and hence the right hand side is non-zero. But lim

n→∞
1/n = 0, so

that |TorH1(M(F ;ψn);Z)| cannot be bounded, i.e. it has to become arbitrarily
large. �

2.2. Proof of Theorems 1.3 and 1.4. Before we give the proof of Theorem 1.3
and Theorem 1.4 we recall the key theorem regarding surface-automorphisms and
mapping tori. We refer to [AFW15] for more details and further references.

Theorem 2.9. Let F be a compact orientable surface with negative Euler char-
acteristic, let ψ ∈ Mod(F ), and let N = M(F, ψ). Then precisely one of the
following three statements holds:

(1) ψ has finite order, in this case N is Seifert fibered.
(2) ψ is pseudo-Anosov, in this case N is hyperbolic.
(3) ψ is reducible, i.e. after an isotopy there exists a finite non-empty col-

lection Γ of disjoint essential simple closed curves in F and a tubular
neighborhood νΓ such that Γ and νΓ are fixed by ψ setwise and such that
the ψ-mapping tori of Γ are precisely the JSJ-tori of N = M(F, ψ).

Proof of Theorem 1.3. Let N be a prime 3-manifold that is not a graph manifold.
If N is a closed hyperbolic 3-manifold then it follows from Sun’s Theorem 1.2

that there exists a finite cover Ñ of N with |TorH1(Ñ ;Z)| > 0. Henceforth we
assume that N is not a closed hyperbolic 3-manifold.

Since N is not a graph manifold we know by the virtual fibering theorem of
Agol [Ag08], Przytycki–Wise [PW12] and Wise [Wi09, Wi12a, Wi12b] (see also
[AFW15, p. 94] for precise references and see [FK14, CF17, GM17] for alternative
proofs) that N admits a finite cover that fibers over S1. Therefore, without loss
of generality, we can assume that N is already fibered. We denote by F the fiber
of a surface fiber structure of N and we denote by ψ the monodromy.

Claim. There exists a finite cover F̃ → F and a lift φ̃ of some power ψk such that

the action of φ̃ on H1(F̃ ;Z) has infinite order.

If N has boundary, then the claim follows immediately from Theorem 2.1, in
fact in this case one can arrange that k = 1.

Now suppose that N is closed. By Theorem 2.9 we can assume, possibly after
an isotopy and possibly replacing ψ by a non-trivial power, that there exists a
finite set of essential curves c1, · · · , ck such that the monodromy preserves the
union of the ci’s pointwise and such that it preserves the components of F cut
along the ci’s setwise. Furthermore, since N is not a graph manifold there exists
a component S of F cut along the ci’s such that the action of ψ on S is pseudo-
Anosov in particular has infinite order. Since we excluded the case that N is a
closed hyperbolic manifold we see that ψ itself is not pseudo-Anosov. Therefore
we know that S is a proper subsurface of F . Since the ci’s are essential we know
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that π1(S)→ π1(F ) is injective. It follows from Proposition 2.2 that there exists

a finite cover F̃ → F and a lift ϕ̃ of some power ψk such that the action of ϕ̃ on

H1(F̃ ;Z) has infinite order. This concludes the proof of the claim.

We first consider the case that all eigenvalues of ϕ̃∗ : H1(F̃ ;Z) → H1(F̃ ;Z)
are roots of unity. Then the desired statement follows from Proposition 2.7
together with Lemma 2.6. If this is not the case, then it follows from Kronecker’s
Theorem [Pr10, Theorem 4.5.4] that there exists at least one eigenvalue λ of ϕ̃∗
with |λ| > 1, but then the desired statement follows from Theorem 2.8 together
with Lemma 2.6. �

The proof of Theorem 1.4 is very similar to the previous proof but we feel that
the proofs are more readable if they are done separately. In the proof we will
make use of the following lemma.

Lemma 2.10. Let N be a closed irreducible 3-manifold with a non-trivial JSJ-
decomposition that is not a torus bundle and that does not have a JSJ-piece that

is a twisted I-bundle over the Klein bottle. Then there exists a finite cover Ñ of
N with at least two JSJ-tori.

Proof. Clearly we only have to consider the case that N has precisely one JSJ-
torus. Since π1(N) is residually finite we can find an epimorphism π1(N) → G

onto a finite non-abelian group G. We denote by p : Ñ → N the corresponding
finite covering. Since N is not a torus bundle and since no JSJ-piece of N is
a twisted I-bundle over the Klein bottle it follows from Proposition 1.9.2 and

Theorem 1.9.3 of [AFW15] that the JSJ-decomposition of Ñ is the preimage of
the JSJ-decomposition of N . Since N has a non-trivial JSJ-decomposition and
since G is non-abelian we see that the p−1(T ) has at least two components, so by

the above discussion Ñ has at least two JSJ-tori. �

Proof of Theorem 1.4. Let N be a virtually fibered graph manifold, which is not
a Seifert fibered space. We may already assume that N is fibered over a surface
F with monodromy ψ. Since N is not a Seifert fibered space it follows from
Theorem 2.9 that the monodromy ψ ∈ Mod(F ) has infinite order. As in the
proof of Theorem 1.3 it suffices to prove the following claim.

Claim. There exists a finite cover F̃ → F and a lift φ̃ of some power ψk such that

the action of φ̃ on H1(F̃ ;Z) has infinite order.

If the fiber F has non-empty boundary, then the claim follows from Theo-
rem 2.1.

Therefore we will now assume that the fiber F is a closed surface. If F is a
torus, then π1(F ) = H1(F ;Z), hence if ψ has infinite order, then by the standard
isomorphism Mod(F ) = SL(2,Z) = Aut(H1(F ;Z)) the action on H1(F ;Z) also

has infinite order. So we can in fact take F̃ = F .
Finally suppose that F is a surface of genus greater equal to two. By Lemma 2.10

we can, possibly after going to a finite cover, assume that N has at least two JSJ-
tori. It follows from Theorem 2.9 that there essential curves c1, · · · , ck with k ≥ 2
such that the monodromy preserves a tubular neighborhood of c1 ∪ · · · ∪ ck set-
wise. After going to a suitable power of the monodromy we can arrange that for
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each i the monodromy preserves a tubular neighborhood νci setwise. We define
S := F \νc1. Note that the mapping torus M(S, ψ|S) is a graph manifold with at
least one JSJ-torus given by the mapping torus on the remaining cjs. Therefore
it follows again from Theorem 2.9 that ψ|S has infinite order. Therefore we can
apply Proposition 2.2. This concludes the proof of the claim. �
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