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ABSTRACT. Cup products provide a natural approach to access higher
bounded cohomology groups. We extend vanishing results on cup prod-
ucts of Brooks quasimorphisms of free groups to cup products of median
quasimorphisms, i.e., Brooks-type quasimorphisms of group actions on
CAT(0) cube complexes. In particular, we obtain such vanishing results
for groups acting on trees and for right-angled Artin groups. Moreover,
we outline potential applications of vanishing results for cup products
in bounded cohomology.

1. INTRODUCTION

The aim of this article is to extend vanishing results for cup products in
the bounded cohomology of free groups to group actions on CAT(0) cube
complexes. We first explain the context of these results.

Bounded cohomology of groups is the cohomology of the complex of
bounded equivariant functions on the simplicial resolution (Section 2). The
boundedness condition enables exciting applications to the geometry of man-
ifolds [31], stable commutator length [12], group actions on the circle [27],
and rigidity theory [11]. However, boundedness causes a lack of excision;
therefore, despite a functional-analytic version of the resolution calculus [39],
bounded cohomology remains difficult to compute in general.

A key example is given by non-abelian free groups F. The bounded co-
homology of (the one-dimensional groups!) F' is known to be non-trivial
in degrees 2 (via quasimorphisms, Section 2.3) and 3 (via hyperbolic ge-
ometry [57]). However, it is unknown whether the higher-degree bounded
cohomology Hy (F'; R) for n > 4 is non-trivial [10, Question 16.3]. A related
open problem is to decide whether epimorphisms of groups induce injective
maps on the level of bounded cohomology in all degrees. An affirmative
answer to the latter question would lead to non-triviality of the bounded
cohomology of non-abelian free groups in degrees > 4, which in turn would
have consequences for large classes of geometrically defined groups [37, 24].

The cup product on bounded cohomology sheds some light on both prob-
lems by producing classes in high degrees from lower degrees (for the second
problem, this is explained in Appendix A). A natural starting point are
non-trivial classes in degree 2: Bounded cohomology in degree 2 is closely
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2 MEDIAN QUASIMORPHISMS AND THEIR CUP PRODUCTS

related to quasimorphisms, which are relevant in geometric group theory [2],
knot theory [45], and symplectic geometry [53]. More precisely, if f: I' = R
is a quasimorphism of a group I', then the simplicial cochain f associated
with f defines a class [6!f] in HZ(T;R) (Section 2.3).

1.1. Brooks quasimorphisms. For free groups, all bounded cohomology
classes in degree 2 come from quasimorphisms, and a key example of quasi-
morphisms on free groups are Brooks quasimorphisms [7] (Example 2.4).
The cup product on the bounded cohomology of free groups was studied
independently by Bucher-Monod [8] and Heuer [34], who proved that many
cup products of quasimorphism classes are trivial. Recently, Amontova—
Bucher combined these techniques:

Theorem 1.1 (Amontova—Bucher [1]). Let F' be a free group, let w € F
and let Hy, be the corresponding (big) Brooks quasimorphism. Then, for
every n > 1 and every ¢ € Hy (F;R), the cup product [51ﬁ;] U ¢ is trivial
in HT(F;R).

These results partially generalise to other types of quasimorphisms on
free groups [34, 20, 1], but it is not clear whether they hold for all quasi-
morphisms on free groups. In the present paper, we will focus on Brooks
quasimorphisms and their generalisations. Brooks quasimorphisms and their
bounded cohomology classes have been generalised in many directions [16,
25, 26, 30, 2, 17]. Thus, the following (vague) question arises:

Question 1.2. Which Brooks-type quasimorphisms produce trivial cup
products in bounded cohomology?

For example, this was recently answered for de Rahm quasimorphisms on
surface groups, a continuous analogue of Brooks quasimorphisms [46].

In the present paper, we answer Question 1.2 for median quasimorphisms,
which are Brooks-type quasimorphisms, defined for groups acting on CAT(0)
cube complexes. We use the framework of equivariant bounded cohomol-
ogy [44, 40] to state our results in a more general, vastly applicable way.

Remark 1.3. Before moving forward with the statements of results, we
point out that cup products in bounded cohomology can very well be non-
trivial. E.g., this happens for cup powers of the Euler class of Thompson’s
group T [11, 28, 22, 50] and for certain direct products [43, 21]. In particular,
this can occur for groups acting on CAT(0) cube complexes (Example 3.19).

1.2. Groups acting on trees. We start by stating our results for groups
acting on trees, where the statements are stronger and parallel the case of
the free group more closely. Given an action of a group I' on a simplicial
tree T', an oriented geodesic segment s in 7', and a base vertex x, one asso-
ciates a counting quasimorphism, the median quasimorphism fs,: T — R
(see Section 4 for the relevant definitions). These quasimorphisms were de-
fined by Monod and Shalom [51] and are a dynamical analogue of Brooks
quasimorphisms: If I' is a free group, T is a Cayley tree of I, and s is the
geodesic segment [e, w] in T for w € T', then the median quasimorphism fs .
coincides with the Brooks quasimorphism H,,. These quasimorphisms have
proven very useful in the study of rigidity properties of groups acting on
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trees [51, 52] and they admit an easy-to-check dynamical criterion for triv-
iality [38]. Since the equivariant point of view is more natural for our pur-
poses, we consider median quasimorphisms fs of the action I' ~ T, which
dispense of the choice of base vertex (Definition 2.8).

Our first main result is the answer to Question 1.2 for median quasimor-
phisms on groups acting on trees:

Theorem 1.4 (Theorem 4.3). Let I' ~ T be a group action on a tree T

Let s be an oriented geodesic segment in T, and let fs be the corresponding

median quasimorphism of I' ~ T. Then, for every n > 1 and every ( €
(T3 R), the cup product [6' f]U¢ € H%ﬁn(T;R) is trivial.

Here H’ﬁb(T ;R) denotes the I'-equivariant bounded cohomology of T,
which we tacitly identify with its vertex set. Upon choosing a base ver-
tex x € T' we obtain the median quasimorphism f; ., and then Theorem 1.4

states that the corresponding class [51]75;] € H%(F; R) has trivial cup prod-
uct with every class that can also be described via the action of I' on 7. In
the case of amenable stabilisers, all classes in Hj (I'; R) are of this form:

Corollary 1.5 (Corollary 4.4). With the notation of Theorem 1.4, suppose
that vertex stabilizers are amenable and let x be a base verter. Then, for
everyn > 1 and every ¢ € HE(T;R), the cup product [6* fs -]UC € H§+”(F; R)
1s trivial.

Via Bass—Serre Theory, the class of groups to which Corollary 1.5 applies
coincides with fundamental groups of graphs of groups with amenable ver-
tex groups (see Remark 4.5). This includes the following examples, which
show that Theorem 1.4 applies much further than to free groups: virtu-
ally free groups, Baumslag—Solitar groups, torus knot groups, generalized
Baumslag—Solitar groups, amalgamated products and HNN-extensions of
amenable groups.

While our proof is based on the same blueprint as the proofs by Bucher,
Monod, Heuer, and Amontova, it has the advantage of avoiding heavyweight
combinatorics and the complex of aligned chains. In particular, it admits a
straightforward generalisation to actions on CAT(0) cube complexes (Sec-
tion 1.3). The aligned cochain complex was introduced by Bucher and
Monod [9], and it significantly simplifies computations in bounded coho-
mology of groups acting on trees [8, 1]. However, it is currently unknown
whether this complex can be generalised suitably to actions on other ob-
jects [9]. Heuer’s approach [34] is based on involved combinatorics and
might be cumbersome to adapt to actions on higher-dimensional objects.

1.3. Groups acting on CAT(0) cube complexes. Now we let I" act on
a finite-dimensional CAT(0) cube complex X. One can generalize oriented
geodesic segments in trees to H-segments [15, 17], i.e., to sequences of tightly
nested halfspaces in X. We use such sequences to define median quasimor-
phisms on T' analogously to the case of trees (see Section 3 for the relevant
definitions). These are the overlapping version of the effective quasimor-
phisms on RAAGs defined by Fernés—Forrester—Tao [17]. The generalization
is more subtle than it may look at first sight: Unlike the non-overlapping
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case [17], the natural definition does not lead to a quasimorphism in gen-
eral (Examples 3.12 and 3.14). We show that we do obtain quasimorphisms
under our running assumption that the CAT(0) cube complex X is finite-
dimensional and has finite staircase length (Proposition 3.16).

The situation for cup products is more delicate than in the case of trees:
We exhibit median quasimorphisms whose cup product is not trivial (Ex-
ample 3.19). However, we can give sufficient conditions that ensure that the
cup product vanishes. Once again, we state the result for the corresponding
median classes in equivariant bounded cohomology; the definitions of the
quasimorphisms fs; and of non-transversality are given in Section 3.3.

Theorem 1.6 (Theorems 3.23 and 3.25). Let T" be a group acting on a finite-
dimensional CAT(0) cube complex X with finite staircase length. Let s be
an H-segment in X, and let fs be the corresponding median quasimorphism
of ' ~ X. Then, for every class ( € Hﬁb(X;]R) that is mon-transverse to

the orbit T's, the cup product [8'fs] U ¢ € HEE"(X;R) is trivial.
In particular, this holds if ¢ = [6'f.] for another H-segment r and the
first and last halfspaces of s and r have non-transverse orbits.

As previously mentioned, we use the hypotheses that X is finite-dimen-
sional and has finite staircase length to ensure that f; be a quasimorphism.
We use them also crucially in the proof, in order to guarantee that the
explicit primitive we construct is bounded.

As a concrete example, we examine the case of right-angled Artin groups:

Corollary 1.7 (Corollary 5.5). Let I' = A(G) be a RAAG acting on the
universal covering X of its Salvetti complex with base vertex x. Let s, r be
H-segments in X such that the labels of the first and last halfspaces in s and
the labels of the first and last halfspaces in r are not connected by an edge

in G. Then [51ﬁ;] U [51ﬁ;] =0 € H}(T;R).

There is a wealth of such genuinely median classes: We show that many
of these classes [51ﬁ;] are non-trivial in bounded cohomology (Section 5.3)
and that the median quasimorphisms f;, are not at bounded distance to
canonical pullbacks of Brooks quasimorphisms (Section 5.4). We hope that
these classes will shed new light on the bounded cohomology of RAAGs and
their subgroups, potentially leading to an understanding analogous to that
of quasimorphisms of free groups via Brooks quasimorphisms [29, 33, 20].

Recently, Marasco proved that for many quasimorphism classes of free
groups also higher order vanishing occurs: The corresponding Massey triple
products in bounded cohomology are zero [47]. In the meantime, the tech-
niques from the present article have been used to show triviality of Massey
triple products in the context of median quasimorphisms [35].

Finally, in addition to the application of cup product vanishing in bounded
cohomology outlined in Appendix A, let us mention the following open prob-
lem: It is unknown whether — in analogy with the cup length bound for the
Lusternik—Schnirelmann category — the cup length for the bounded cohomol-
ogy is a lower bound for the amenable category [13, Remark 3.17]. Again,
an interesting test case is given by non-abelian free groups, relating this
question to the above problems on the bounded cohomology of free groups.
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Organization of the paper. Basics on bounded cohomology, equivariant
bounded cohomology, and quasimorphisms are collected in Section 2. Me-
dian quasimorphisms for actions on CAT(0) cube complexes and their cup
products in bounded cohomology are studied in Section 3. We specialise to
the tree case in Section 4 and to the right-angled Artin case in Section 5.
Appendix A outlines the connection to the Lex-problem.

Acknowledgements. We wish to thank Matthew Cordes, Talia Fernds,
Elia Fioravanti and Nicolas Monod for helpful discussions, as well as Sofia
Amontova, Michelle Bucher, and Marco Moraschini for discussions on cup
products and Lex. Moreover, we would like to thank Franziska Hofmann for
spotting a gap in an earlier version of this paper, and the anonymous referee
for several helpful comments, including a fix of the gap.

2. BOUNDED COHOMOLOGY

We recall basic notions concerning bounded cohomology and quasimor-
phisms and refer the reader to the literature for more details and proofs [31,
39, 49, 23]. We will only be interested in the case of discrete groups and
trivial real coefficients.

2.1. Bounded cohomology of groups. Let I' be a discrete group. We
consider the complex £>°(I'**1 R) of normed R[I']-modules, equipped with
the simplicial coboundary operators. The subcomplex of I'-invariants is
denoted by Cj(T;R) = ¢>(I'**1 R)''. The bounded cohomology of T (with
trivial real coefficients) is defined as

H; (I;R) == H*(C}(T; R)).

The canonical inclusion ¢>°(I'**1;R) < Map(I'**1 R) from bounded to
ordinary cochains induces a natural transformation between bounded coho-
mology and ordinary cohomology, the comparison map

compr: Hj(I;R) — H*(T; R).

The kernel of comp% is related to quasimorphisms (Section 2.3).
The usual formula gives a cup product on bounded cohomology:

U: CP(T;R) @r CH(T;R) — CITI(T;R)
F@gm= (Y0, Yra) = FO05 -3 9) - 9(0ps -+, Ypta)
U: HY(T;R) ®p H(T;R) — HYTY(I;R)
[f1® gl = [fUg]

These operations are well-defined and satisfy the usual equations with re-
spect to the simplicial coboundary operator. In particular, we have

PTIUfUg) = fUg+ (—1)P - fuUdly.
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2.2. Equivariant bounded cohomology. Equivariant bounded cohomol-
ogy is a bounded version of equivariant cohomology [40, 44].

Definition 2.1. Let I' ~ .S be an action of a group I' on a set .S. We write
Ct4(S;R) = £2(S**1, R)",

where ¢>°(S*+1 R) carries the simplicial coboundary operator and the I'-
action given by

(S0y---y5n) l—)f(*y_l-so,...,*y_l-sn)

for all v € T, f € £*°(S"*1 R). The I'-equivariant bounded cohomology of S
(with trivial real coefficients) is defined as

Hf ,(S;R) == H*(Cf 4 (S5 R)).

For an action I' ~ X on a CAT(0) cube complex with vertex set V' (Sec-
tion 3.1), we will also write

Hr (X5 R) = Hp (V5 R).

The usual formula gives a cup product on equivariant bounded cohomol-
ogy: Let I' ~ S be a group action and let p, ¢ € N. Then

U: CF,(S;R) @r CL,(S;R) — CPL(S;R)

f®g— ((so,...,sp+q) — f(so,...,sp)-g(sp,...,5p+q))

U: HP (S;R) ®g HE ,(S;R) — HEH(S;R)
[fl@lgl = [fUg]
are well-defined and satisfy the usual equations with respect to the simplicial
coboundary operator.
Equivariant and ordinary bounded cohomology are related via pullbacks
of orbit maps. Namely for every x € .S, the orbit map 0,: I' = S,v+— v -z

induces a cochain map Cr. ,(S;R) — Cy(T';R). We denote the induced map
in bounded cohomology by

oy = HF,b(OmR): wa’b(S;R) — H; (T; R).

The map o} is compatible with the cup products.
In general, this map o}, is neither injective nor surjective. It is an isomor-
phism under some additional hypotheses on the stabilizers:

Theorem 2.2 ([23, Theorem 4.23]). Let I' ~ S be a group action with
amenable stabilizers. Then for every x € S, the orbit map

0% T4 (SiR) = H;(T5R)
18 an isomorphism.

Similarly, one can also consider the case of uniformly boundedly acyclic
actions [41, Section 5.5].
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2.3. Quasimorphisms. The exact part of bounded cohomology in degree 2
can be described in terms of quasimorphisms.

Definition 2.3 (quasimorphism). Let I" be a group. A quasimorphism of T’
is a function f: I' — R whose defect
D(f) = sup |f(y) + F(A) = f(v- M)
vy, Ael’
is finite. A quasimorphism is called trivial if it is a sum of a homomorphism
and a bounded function.

We recall an important example of quasimorphisms of the free group: the
Brooks quasimorphisms [12, 2.3.2]. These counting quasimorphisms are at
the basis of the generalisations explored in this paper.

Example 2.4 (Brooks quasimorphisms). Let F' be a free group with a free
generating set S and let w € F be a reduced word over S U S~!. For an
element v € F', we denote by C\,(7y) the number of copies of w that appear
in a reduced expression for v. The (big) Brooks quasimorphism for w is

H,: F—>R
S Cw(’Y) - Cw—l(’)/)'

Then D(H,) < 3 - (Jw| — 1), where |w| denotes the length of w.

Another option is to define ¢, () as the maximal number of non-over-
lapping copies of v that appear in a reduced expression for . This leads
to the (small) Brooks quasimorphism for w, denoted by h,. The advan-
tage of the small Brooks quasimorphism is that D(h,) < 2, which gives
a bound independent of w. This makes h,, more suitable for quantitative
applications such as computations of stable commutator length. If w is
non-self-overlapping (i.e., there is no reduced expression w = wvu with a
non-empty word u), then Hy,, = hy,.

For later reference, we note the following property of Brooks quasimor-
phisms:

Lemma 2.5. Let F' be a non-abelian free group and w,w' € F. Then H,
is at bounded distance from H,s if and only if w = w'.

Note that F' must be non-abelian for this to hold. If F = (a) = Z,
then Hyn(a*) = sign(kn) - (|k| — |n| + 1) whenever |k| > |n|, so every Brooks
quasimorphism is close to the identity or to minus the identity.

Proof. Assume that H,, is at bounded distance from H,,. We need to show
that this implies w = w'.

Let S be a symmetrized basis of F', so by assumption |S| > 4. Let a € S be
such that w does not start with a=!, and w’ does neither start nor end with a.
Let a=! # b € S be such that w does not end with b~!, and w’ does not end
with b. Let k& > 1 be larger than the length of both w and w’. Then a*wb*
is a cyclically reduced word, and we claim that H,(a¥wb*) > 0. For this, it
suffices to notice that w™! cannot be a subword of (a*wb*)" for any n > 1.
Indeed, no occurrence of w=! can overlap with w [20, Lemma 3.14], and also
by assumption w~! cannot end with a (because w does not start with a=!)
and w~! cannot start with b (because w does not end with b=1).
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It follows that m(akwbk) > 0 as well, in particular w’ must occur as a
subword of (a*wb*)" for some n > 0. However, w’ does neither start nor
end with a, and it does not end with b. Since moreover k is larger than the
length of w’, we conclude that w’ must occur as a subword of w.

Swapping the roles of w and w’, we see that w must occur as a subword
of w’, which completes the proof. O

Every quasimorphism f: I' — R defines a ['-invariant 1-cochain via

£ (vo,m) = F(g - m)-

By construction, 51f is bounded — that is, f is a quasicocycle — and thus
61 f defines a class in HZ(T;R). In fact, such classes form the kernel of the
comparison map in degree 2 [23, Proposition 2.8]:

Proposition 2.6. Let I' be a group. Then the sequence

0 QM(T)/ QM,(T) — HA(T:R) “"FF HA(T;R)
[f] = [0 )

is exact, where QM(T") is the space of quasimorphisms on I' and QMg(T")
the subspace of trivial quasimorphisms.

Moreover, every element in QM(T') admits up to bounded functions a
unique homogeneous representative (i.e., a quasimorphism that is a homo-
morphism on all cyclic subgroups).

In particular, if the comparison map in degree 2 is trivial, then every
bounded cohomology class is represented by a quasimorphism. This is of
course the case for groups I' with H*(T'; R) 2 0, e.g., for free groups. There-
fore, the study of quasimorphisms is central to the study of the bounded
cohomology of free groups. More generally, we have:

Proposition 2.7 ([13, Corollary 5.4], [40, Example 4.7]). Let I' be a group
acting on a tree with amenable vertex stabilizers. Then the comparison
map compg: s trivial for all n > 1.

2.4. Quasimorphisms of group actions. In view of the cocycle descrip-
tion of quasimorphisms, we can speak of quasimorphisms of group actions:

Definition 2.8 (quasimorphism of a group action). Let I' ~ S be a group
action on a set S. A quasimorphism of ' ~ S is a function f: S xS — R
that is I'-invariant (with respect to the diagonal action on S x S) and has
finite defect

D(f) = 10" flloo = sup [f(y,2) = f(z,2) + f(z,y)|.

x,y,2€S

Remark 2.9. If f is a quasimorphism of a group action I' ~ S, then §' f is
a bounded cocycle in C%,b(S; R) and thus defines a class [§1f] € H%b(S; R).
By construction, the set of all such classes coincides with the kernel of the
comparison map H%’b(S; R) — HZ(S;R).
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Remark 2.10 (from group actions to quasimorphisms on groups). Let
f:89 xS — R be a quasimorphism of a group action I' ~ S. If z € §,
then

fo: T =R
v fz,y - x)

is a quasimorphism of I" in the sense of Definition 2.3. By construction,
[6' fz] = 03([6 /1) € H(T;R),

where o, : I' — S is the orbit map of z and f; is the I'-invariant 1-cochain
defined by f,.

If x and 2’ lie in the same orbit, then the classes in HZ(T';R) differ only
by the conjugation action. The conjugation action is trivial on Hg(I‘;R):
in degree 2 this can be dervied from the exact sequence in Proposition 2.6,
the triviality of the conjugation action on H?(I';R), and the fact that ho-
mogeneous quasimorphisms are conjugation invariant; more generally, one
can prove the triviality of the conjugation action on bounded cohomology
by a quantitative version of the proof for the classical case [43, Lemma A.2].
Therefore, we obtain [61 f,] = [§' fr] in HZ(T;R).

Examples of quasimorphisms of group actions will be given in Section 3
and Section 5.

3. MEDIAN QUASIMORPHISMS

We define median quasimorphisms on groups acting on CAT(0) cube com-
plexes and their associated equivariant bounded cohomology classes. These
classes do not have vanishing cup products in general (Example 3.19), but
we show that they do under additional compatibility hypotheses.

3.1. Preliminaries on CAT(0) cube complexes. We recall the neces-
sary basics on CAT(0) cube complexes and median graphs [56, 54, 5]:

A cube complex X is non-positively curved if the links of its vertices are
flag complexes. Informally, this means that as soon as there is a corner of a
possible cube of dimension at least 3 in X, there is an actual cube with this
corner. We refer to this as the link condition. A CAT(0) cube complez is a
simply connected non-positively curved cube complex.

Throughout this section, we will consider the following situation:

Setup 3.1. Fix a CAT(0) cube complex X with vertex set V' and an action
of a group I' on X by combinatorial automorphisms. We denote the k-
skeleton of X by X (k); in particular, X (0) = V. The 1-skeleton X (1) is an
undirected graph equipped with the ¢'-metric D. Given z,y € V, we denote
by [z,y] the union of all combinatorial geodesics (represented by sequences
of vertices) from x to y; such sets are called intervals.

The most important property of X (1) is that it is a median graph: for
every triple of points z,y, z € V, the intersection [z, y| N[y, z] N[z, 2] consists
of a unique vertex, which we denote by m(z,y, z).

For every edge e in X, there exists a closest-point projection, called the
gate map g.: V. — e(0). We also write {a(e),w(e)} for e(0) and always
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h h h h
e e
e/
(a) The edge e is (b) The edges e and ¢’ are
dual to h. dual to h.

FiGURE 1. Halfspaces in a tree and a square grid.

make sure that the choice of labels for these two vertices does not matter.
The vertex set then splits as V = g !(a(e)) U g (w(e)). Each of these sets
is called a (combinatorial) halfspace (Figure 1). We write H for the set of
halfspaces in X. By definition, H is equipped with a fixpoint-free involu-
tion H — H: h+ h =V \ h. Another important property of halfspaces is
that they are conver: Whenever z,y € h, it follows that [x,y] C h. This
will be clear from Lemma 3.2 below.

A hyperplane is a set {h,h}, where h € H. If h € H arises from g, we
say that e is dual to the halfspace h and to the hyperplane {h,h}. Every
edge is dual to exactly one hyperplane, but different edges can be dual to
the same hyperplane if they induce the same partition (Figure 1b).

Let z,y € V. We say that a halfspace h separates y from x if y € h
and z € h (Figure 2a); this notion is not symmetric in y and x. Similarly,
we may also speak of hyperplanes separating x and y. A combinatorial
geodesic v = xox1--- T is said to cross into a halfspace h at time ¢ if h
separates x;41 from z; (Figure 2b). In this case, we also say that v crosses
the hyperplane {h, h}. The number of times & is crossed into by v refers to
the number of times ¢ such that this holds. In fact, this number is always
either 0 or 1.

Lemma 3.2 ([55][32, Remark 1.7]). In the situation of Setup 3.1, let x,y €
V. Then the £*-distance D(z,y) is equal to the number of hyperplanes that
separate x and y. More precisely, for every hyperplane H separating x and y,
every geodesic from x to y crosses H exactly once.

Because of Lemma 3.2, the set of halfspaces separating y from z will
play an important role: We denote it by [z,y|y. Such sets are called
H-intervals. Notice that it is possible that [z,y]y = [2/,y/]y for distinct
pairs (z,y), (2/,y'). The second part of Lemma 3.2 implies that [z,y]y =
[x,m]y U [m,y]y holds for every vertex m € [z,y] belonging to an ori-
ented geodesic segment between x and y. This holds in particular when
m = m(x,y, z) for some third vertex z.
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h h
o I —eo X
IL'H—I- ZT;
Y e T o—o
(a) h separates y from x. (b) xoxy...xp crosses into h at
time 3.

FIGURE 2. Separation by halfspaces.

ha  hs hi  hi ha  ha
hr
h{
(a) Transverse halfspaces. (b) Non-transverse
halfspaces.

F1cGuRE 3. (Non-)transverse halfspaces in the square grid.

3.1.1. Transversality.

Definition 3.3 (transverse halfspaces). In the situation of Setup 3.1, two
halfspaces hy and hy are transverse if each of the four intersections hi N
ha, hiNhs, hiNhy, and h1Nhy is non-empty (Figure 3). We then write by th ho
and also say that the pair hi, ho is transverse.

Whenever two halfspaces are transverse, this is witnessed in a quadrangle:

Lemma 3.4. In the situation of Setup 3.1, let h,k be halfspaces of X
with h h k. There is a quadrangle consisting of four edges ey, fu, €k,
fr such that epr, fr are dual to the hyperplane H = {h,ﬁ} and such that
ex, [k are dual to the hyperplane K = {k,%} (see Figure 4).

Given a hyperplane H = {h,h}, we denote by N(H) the carrier of H,
namely the convex subcomplex of X spanned by all edges that cross H. We
will use the following property of carriers:

Lemma 3.5. Let H be a hyperplane and let N'(H) be its carrier. Let -y be
a geodesic contained in N'(H). Then every hyperplane crossed by ~y is either
equal to H or transverse to H.
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FiGure 4. The quadrangle in Lemma 3.4

h5 h4 h3 h2 hl
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l{,’;;

ki

ks—
FIGURE 5. A staircase, schematically

In particular, if both endpoints of vy are contained in one side of H, then
every hyperplane crossed by ~y is transverse to H.

3.1.2. Finiteness conditions. We will be working with finite-dimensional
CAT(0)-cube complexes, where the dimension of X is the highest dimen-
sion of a cube in X.

Moreover, we will impose the condition that the complexes have finite
staircase length:

Definition 3.6 ([18, Definition 4.14]). Let X be a CAT(0) cube complex,
let o0 € N. A length-o staircase in X is a pair (hy D -+ D hgy, k1 D -+ D ky)
of proper chains of halfspaces with the following properties (Figure 5):

e Forallie{l,...,0} and all j € {1,...,i— 1}, we have h; M k;.

e Foralli e {1,...,0}, we have h; D k;.
The staircase length of X is the maximal length of a staircase in X (or co).

Remark 3.7. The numbering differs slightly from Fioravanti’s conven-
tion [18], since this will make our arguments more transparent.

Example 3.8.

e Every tree has staircase length at most 1.
e Salvetti complexes have finite staircase length (Section 5).
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FIGURE 6. Beware of the infinite staircase!

e There exist finite-dimensional CAT(0) cube complexes with infinite
staircase length, e.g., the infinite staircase in Figure 6.

3.2. Median quasimorphisms and median classes. Median quasimor-
phisms are a generalisation of counting quasimorphisms (Example 2.4). In-
stead of subwords in free groups, we count segments of crossed halfspaces
for groups acting on CAT(0) cube complexes. We start with the definition
of segments in terms of halfspaces [17].

Definition 3.9 (tightly nested, segment). In the situation of Setup 3.1, two
halfspaces hy and ho are tightly nested if they are distinct, if hy D ho, and
if there is no other halfspace h such that hy D h D hy (Figure 7a).

An H-segment of length | € N is a sequence (hy D --- D hy) of tightly
nested halfspaces (Figure 7b). The reverse of s = (hy D -+ D hy) is § =
(hy O --- D h1). We denote by X7(-i) the set of all H-segments of length [
in X. Given z,y € V, we write [z, y]g_ll) for the set of all segments of length [
that are contained in [z, y]y.

A vertex z is said to be in the interior of the segment s = (hy D -+ D Iy)
if x € hy N hy (Figure 7b).

The action of I on X induces an action of ' on X7(1l£)5 the orbit of s € X;_ll
is denoted by I's, we call its elements translates of s.

)

In analogy with counting quasimorphisms, we introduce the associated
counting functions, which will then lead to median quasimorphisms and
classes.

Definition 3.10 (median quasimorphism). In the situation of Setup 3.1, let
leN,andlet s € X;_?. We define the median quasimorphism fs: VxV — R
for s for all (xz,y) € V x V to be the number of translates of s in [z, y]y
minus the number of translates of s in [y, x]y.

By construction, fs = fys holds for all v € I'. Moreover, the cochain f
is I'-invariant.

Remark 3.11. Note that whenever s and § are in the same I'-orbit, it
follows from the definition that fs = 0. If this is not the case, then the
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ha  hp hi  hi—y ha  hy
. o ° & —01—0 -+ OF+—O1—=e

(a) The halfspaces h; and hs are (b) A segment; the hollow vertices
tightly nested. are interior vertices of this segment.

FI1cURE 7. Tightly nested halfspaces and a segment.

following function e,: X%) — {—1,0,1} is well-defined:

1, if 't ="T's,
es(t) =< -1, if 't =T5,
0, otherwise
Then, f, is given by
fo: V2SR
(1) (x,y) — Z es(t).
tefz,y)l)

We will use this formula for all of our computations.

It is not immediately clear that fs indeed is a quasimorphism of I' ~ V/,
i.e., that ' f, is bounded. Indeed, this is not true in full generality:

Example 3.12. For n > 1, let X,; = [-1,0]", X;} := [0,1]", and let X,
be the wedge X, V X, glued along the point 0 € X, N X;". Then X,
can be viewed as a CAT(0) cube complex, and together with the canon-
ical inclusions X,, — X,11, we obtain a directed system whose direct
limit X = XtV X~ is an infinite-dimensional CAT(0) cube complex (Fig-
ure 8). Moreover, X admits an action of the group I' := Sy X Ss, where
Soo denotes the group of permutations of a countably infinite set with fi-
nite support. Here the factors act on X~ and X respectively by permut-
ing the coordinates; in particular, 0 is fixed by both factors. Let A~ be
the halfspace {(0,*) € X~} U XT, and A" the halfspace {(1,%) € XT}.
Then h~ D h' are tightly nested, so they define a segment s. Let further
x, =(-1,...,-1) e X, € X~ and z} = (1,...,1) € X;t € X*. Then
s€ [m;,xﬁ[]g).

Since the action of T fixes 0 and preserves X~ and X, the orbit I's does

not contain 5. Moreover, no translate of s belongs to [z;,,z,} ]g? On the

other hand, [z, ,z; ]g) contains many translates of s: For instance, every

element of S, x S, < T fixes z;;, 0 and x;}, so it sends s to a segment
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T
X+ h*

FiGURE 8. The construction of Example 3.12, schematically.

in [z, :c‘*‘]%?. But A~ and h* are defined by conditions on the first coor-

no»rn
dinate only, so choosing elements in S,, that do not fix this coordinate, we

obtain n? distinct translates of s that still lie in [z, xﬂg). Finally, since I'

n»en
preserves X~ and X, there can be no translate of s or s inside [z, O]g)

or [0, x;{]g)
The above discussion shows that

0 fs (s 0,20) = fo(0,23) = fo(wn, ) + fi(w,,0)
=0—|IsN [z, x+]§3)| +0< —n?

n»rn

Varying n, we deduce that &' f, is unbounded.

Remark 3.13. The issue in Example 3.12 is not that I" is infinitely gener-
ated. The same argument can be run with the direct square of any group
of permutations of a countably infinite set that contains So,. For instance,
we could choose the Houghton group Hj, [36], which is of type Fj_1.

The following examples shows that also for finite dimensional complexes,
fs need not be a quasimorphism. The obstruction here is given by infinite
staircase length. (Note that the example Example 3.12 has finite staircase
length, simply because there are no proper chains of halfspaces of length
greater than 2.)

Example 3.14. Let X be the infinite staircase depicted in Figure 6. To
describe points in X, we interpret it as being embedded in R?, with vertices
lying on Z? and the “right-most points” given by the diagonal of Z2, that
is V= {(z,y) € Z* | * < y}. Let I' := Z act on X by shifting along the
diagonal of Z2, i.e., v- (z,y) = (x + v,y +7) for y € Z, (z,y) € V.

We define h* = {(z,y) € V |y > 0} and hY = {(z,y) € V | x > 0} to be
the halfspaces that are dual to the edges ((0,0),(0,1)) and ((0,1),(1,1)),
respectively, and point to the “upper right”. These halfspaces are tightly
nested h* D hY, so define a segment s. As the action of I' preserves the
orientation of X C Z?2, the orbit I's does not contain 5. We define a sequence
of triples in V that witnesses that ' f is unbounded: For n € N, let x,, =
(0,0), yn = (0,n+1), 2z, = (n+1,n+1). Clearly, vh* = {(z,y) € V |y > v}
contains y, if and only if it contains z, and YhY = {(z,y) € V |z >~}
contains x,, if and only if it contains y,. The same is true for h* and h¥.
This implies that fs(yn,zn) =0 = fs(zn,yn). Similarly, it is not hard to see



16 MEDIAN QUASIMORPHISMS AND THEIR CUP PRODUCTS

that [z, zn]g)

get,

contains n translates of s and no translate of 5. Hence, we

51fs(xn7yn72n) = fs(ynvzn) - fs(xnyzn) + fs(xmyn)
=0—-n+0.

Varying n, we deduce that &' fs is unbounded.

A way to avoid both pathological examples above is to add the hypotheses
of finite-dimensionality and finite staircase length. It will turn out that
imposing these hypotheses is actually sufficient for showing that fs is a
quasimorphism. As a preparation, we show the following estimate, which
will also be crucial in the proof of Theorem 3.23:

Lemma 3.15. Let X be a CAT(0) cube complex of finite dimension d and
with finite staircase length o. Then for all x,y € V and all m € [z,y],
the number of segments in [m,y]g? that contain m in their interior is at
most (I — 1)od".

Proof. We start by showing the lemma in the case [ = 2. The statement
gives the bound od? on the number of pairs of tightly nested halfspaces h O k
such that x € h, m € hNk, and y € k.

Let B be the set of all such pairs, and assume by contradiction that |B| >
od?. The set of all halfspaces separating « from y decomposes into a disjoint
union of d (possibly empty) chains [6, Lemma 1.16]. Hence, each pair in B
belongs to one of d? types of chain-memberships of the two components. By
the pigeonhole principle, there exist o 4+ 1 distinct pairs in B such that the
first components form a chain and simultaneously also the second compo-
nents form a chain. We number the pairs (h1,k1), ..., (hot1, kot1) in such
a way that hy Dhe D --- D hy D hot1.

First, we claim that k; D ki1, for all i« € {1,...,0}. As the second
components form a chain, we have k; D k;y1 or ki1 DO k;. However, in
the latter case, we would obtain the chain h; D h;+1 D ki+1 D k;. Because
(hi, k;) is a tightly nested pair and h;11 # kit1, this would imply h; = hi11
and k;+1 = k;, which would contradict that the pairs (h;, k;) and (hjy1, kiv1)
are different. Therefore, k; D kjy1.

We obtained the inclusions hy D -+ D hyq1 and k1 D -+ D kyy1. Next
we show that they are all proper: Assume for a contradiction that there
isan ¢ € {1,...,0} with h; = h;q1 (the case k; = k;y1 is symmetric).
Then k; # ki1, since the pairs (h;, k;) and (hjt1, kiy1) are different. Thus,
hiv1 = hi 2 ki 2 kiy1, which contradicts that h;y1 D ki1 are tightly
nested.

Finally, we show that h; M k; for all i« € {1,...,0 4+ 1} and all j €
{1,...,i— 1}. This will show that hy D --+ D he41 and k1 D -+ D kyy1
form a staircase of length o + 1, contradicting the hypothesis that X has
staircase length o. So, let i € {1,...,0+ 1} and j € {1,...,7i —1}. Then
hi Nk; # 0 (because of ) and h; Nk; # 0 (because of m) as well as
h; Nk; # 0 (because of y). It remains to show that h; N k; is non-empty.
If h; N k; were empty, then we would have h; D k;, and thus h; 2 h; 2 kj,
which contradicts that h; 2 k; are tightly nested. Hence, hi N kj # 0. This
concludes the proof in the case [ = 2.
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Now we prove the general case. Consider a segment t = (hy D -+ D
hi) € [x,y]g_l[). Since m € [z,y], there exists i € {1,...,] — 1} such that
m € h; N hi41, and the previous case gives at most od? options for the pair
(hi, hit1). We claim that in addition to the [ — 1 options for 7, there are at
most d options for each of the remaining (I — 2) halfspaces. Indeed, assume
that we have already chosen hjto,...,h; and we need to choose hj;q1. The
latter needs to lie in [h;,y]y, that is, the set of halfspaces containing y
and contained in hj;. Moreover, it needs to be a maximal element of this
set, because (hj, hjy1) must be tightly nested. But maximal elements are
pairwise transverse, and X is d-dimensional, so there are at most d options
for hj+1. The same argument, assuming that hj, ..., h;—1 have been chosen,
gives at most d options for hj_1, and concludes the proof. O

Proposition 3.16 (defect estimate). In the situation of Setup 3.1, let X
be a CAT(0)-cube complex of dimension d and finite staircase length o. Let
l e N andlet s € X;i) be a segment. Then 6' fs: V3 — R is bounded. More
precisely,

161 folloo < 3(1 — l)adl.

Proof. The statement is obvious if fs = 0, so we may assume that I's #
I's and use Equation (1) from Remark 3.11. As a first step, we consider
the following situation: Let xz,y € V, and let m € [z,y]. Then [z,y]y =
[x,m]y U [m,y]y, and thus

fs(fp’y) = Z Es(t)

tefe,y))

= Y a®+ D e+ > £s(t)
telz,m]l) te[m,y)Y tefz,y)l ) \[z,m] ) Ulm,y] )
= fa(z,m) + fo(m,y) + > es(t).

tee,y) D\ [e,m) ) Ulmy) )

A segment t appears in the last sum only if m belongs to the interior of ¢
(Figure 9). Therefore, Lemma 3.15 shows that there are at most (I — 1)od'
terms in this sum.

For the general case, let x,y,z € V and m = m(x,y,z). Then the
previous estimate shows that

\51fs(:v,y, Z)‘ = ’fS(% z) = fs(@,2) + fs(x,y){
<3-(I-1od + A,
where the term
A= ‘(fs(yvm) + fs(mv Z)) - (fS(xﬂn) + fs(mvz)) + (fS(xvm) + fs(myy))’

vanishes since fs is antisymmetric. O

It is instructive to consider the case of a (big) Brooks quasimorphism H,,,.
Thn d = 0 =1, | = |w| and the ¢>**-norm of the coboundary coincides with
the defect. Hence, the bound 3(Jw| — 1) from Proposition 3.16 matches the
bound from Section 2.3.
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F1GURE 9. The critical areas in the two cases of the proof of
Proposition 3.16.

Definition 3.17 (median class). In the situation of Proposition 3.16, by
Remark 2.9), we obtain a bounded cohomology class [§!fs] € H%b(X;R).
We call this the median class of s.

Remark 3.18. Related bounded cohomology classes appeared in the work
of Chatterji, Fernds, and lozzi [15]: Note that in that case too, the bounded-
ness of the relevant classes is achieved by working in the finite-dimensional
setting and additional restrictions on the segments. Similarly to these re-
strictions on the segments, we could also replace the hypothesis on finite
staircase length by imposing more refined constraints on the segments than
consecutive halfspaces being “tightly nested”.

Also, non-overlapping versions of the quasimorphisms by Chatterji, Fernds,
and Tozzi were considered [17, 19]; in that situation, the finite-dimensionality
hypothesis is not needed, and the defect is uniformly bounded.

3.3. Cup products of median classes with non-transverse classes.
In general, cup products of median classes can be non-trivial:

Example 3.19. Let F' be a non-abelian free group and let T" be a Cayley
tree of F'. We consider the product action FF x ' ~ X =T x T of the
translation action F' ~ T'. Then X carries a canonical structure of a CAT(0)
cube complex.

Let ¢ € HZ(F;R)\ {0}. For the canonical projections py,p1: F x F — F,
we then obtain [43, Proposition 3.3]

H3 (p13R) () U H (p2; R) () # 0

in Hy(F x F;R) = H}, 1o, (X;R). Moreover, if ¢ is induced by the Brooks
quasimorphism of w € F, then Hz(pi;R)(go) are the classes given by the
median quasimorphisms of the segments induced by w on X via the two
factors T in X.

More generally, let X := T7 x T be a product of two trees. Every edge e
in X is of the form ey x xo, where e; is an edge in 17 and x5 is a vertex in
Ty, or the other way around. If hq, h; are the halfspaces dual to e; in 77,
then hy x Ty and h; x Th are the halfspaces dual to e in X. Therefore an
H-segment s; in T; defines a segment 5; in X.

Now suppose that I' acts on each T;, and equip X with the product action
of T x I'. Then [0'f;] € Hf ,(X;R) is the pullback of [0'f,,] € Hf ,(T}; R)
under the projection X — T;. The same arguments as for the free group
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hl hlfl h2 hl

e—1——=o3 head of s

a tail of s ——e o———e another head of s

FIGURE 10. Heads and tails of segments.

case show: If both [§1fs,] are non-trivial, then

0 fs]Us fs) #0 € H%xF,b(X;R)7
so the cup product is non-trivial.

We will prove the vanishing of cup products under an additional assump-
tion that avoids the above behaviour.

Definition 3.20 (heads/tails). In the situation of Setup 3.1, let s = (h; D

DMy € Xg). We say that « € V is a head of s if a € hy and there exists
an edge dual to h; that has « as one of its endpoints (Figure 10). We say
that w € V is a tail of s if w € h; and there exists an edge dual to h; that
has w as one of its endpoints.

We let a(s) denote the set of heads of s and we let w(s) denote the set of
tails of s. By definition, a(3) = w(s) and w(3) = a(s).

Definition 3.21 (non-transverse). In the situation of Setup 3.1, let s € X%)
and let £ € Cp,(X,R). We say that x and s are non-transverse if for
all z1,...,z, € V, the value of k(a, x1, ..., x,) is constant over all a« € a(s),
and the value of k(w,x1,...,x,) is constant over all w € w(s). Given a

set S C Xg), we say that k and S are non-transverse if k and s are non-
transverse for all s € S.

We define similarly non-transversality with respect to equivariant bounded
cohomology classes, where a class has the property if it admits a represen-
tative that does.

By symmetry of the definitions of heads and tails, x is transverse to I's if
and only if it is transverse to ['s

Remark 3.22. In the square grid (with the translation action by Z?), we
consider two “orthogonal” segments §7 and $3 as in Figure 11. Then, the
cochain 6! f5 and the orbit Z2?3] are not non-transverse.

Similarly, a straightforward computation shows that in Example 3.19, the
cochain 6! f5 and the orbit I's] are not non-transverse.

The main point of Definition 3.21 is that it allows to define the auxiliary
map K in the proof below, similarly to the auxiliary maps used in previous
work on cup products of quasimorphisms.
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5

V2]
[\O)

FIGURE 11. Not non-transversality in the square grid (Re-
mark 3.22).

Theorem 3.23. Let I' ~ X be an action of a group I' on a finite-dimen-
sional CAT(0) cube complexr X with finite staircase length. Let | € N, let

s € X;(L?, and let ¢ € HE ,(X;R) be non-transverse to I's. Then
[0'fJU¢ =0€e HL2(X;R).

Proof. The statement is obvious if f; = 0, so we may assume that I's # I's
and use Equation (1) from Remark 3.11. Let s be a cocycle representing ¢
that is non-transverse to I's. As in the proofs of the corresponding results
for free or surface groups [34, 1, 46], we provide an explicit construction of
a bounded cochain 3 € C?II(X ;R) with

" = (61 f,) Uk.
More specifically, it suffices to find a cochain n € Cf ,(X;R) such that
B=fsUr+d"n
is bounded. Indeed:
ST fs Uk +0™n) = 65(fs) Uk — fs U™ (k) + 0" (6™n) = 6L f, U k.

Construction of . For t € X;_? and x1,...,x, € V, we define
- 1
R(t,x1,. .., %) = 3 ces(t) - (k(a, 21, @) + R(W, 21, ... 20)),

where a € a(t) and w € w(t). This is well-defined, i.e., independent of
the choices of o and w: If t € I's UT's, then we apply that « and t are
non-transverse (recall that x and I's are also non-transverse). Otherwise,
by definition e5(¢) = 0 and so the whole term is 0.

By construction, &(t,x1,...,2,) = 0 if t € I's UT's; moreover, ||R|jc <
||k||co, and & satisfies the identity

(2) ’%(taxh"'amn):_’%(ﬂxlv"'awn)'
We now define n: V"1 — R via

n(x()axlv"';mn) = Z /?(/(t,.’El,...,{En).
tE[mo,wl]g_lL)
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Boundedness of 8. Let xq,...,xp+1 € V. By definition, we have
ﬁ(xoa v ,LL’n_}_l) = fs(xowrl) : "1("1:17 oo 7:1:71-‘!-1)
+n(z1, ..o, Tngr) = 020, T2, - - - Tpg1)
n+1

+ Z(_l)] ’ 77(950,%17 R 7jjja .- 'axn-‘rl)‘
7j=2

Entering the definitions of the counting map fs (Remark 3.11) and 7, we
get

B(xo, .- Tnt1) = Z es(t) - k(z1, ..., Tny1)

tG[wo,wﬂg_lL)
+ Z /%(t,xg,...,xn+1)— Z /%(t,xg,...,a:n_,_l)
te[m,zz}%) tE[Iowz]gi)
n+1 A
+Z(_1)] Z %(taxlv"'vi‘j?"'axn+l)‘
j=2 tE[:Eo,:El]g_lL)
The cochain « is a cocycle. Therefore, for all y € V', we have
0= 571/4/(3/7 Z1,--- 7-%'71—&-1)
=r(x1,.. ., pt1) — K(Y, T2, ..., Tpt1)
n+1 A
+ Z(_l)] ’ "{(ya L1y .. 7i‘j7 ) $n+1)‘
j=2

Using this once for o € a(t) and once for w € w(t), we see that

2. Z es(t) - k(x1, ..., Tny1)

tE[xo,xl]g_l[)
n+1
= Z es(t) - (Fc(a,fcg, ey Tpyl) — Z(—l)jm(a,xl, ce Ty Tpg)
telzo,a1)yy 7=2
n+1
+ k(w, T2, ..., Tpt1) — Z(—l)jﬁ(w,ml, L, ,xn+1)>
=2
n+1
=2 > <Fs(t,x2,...,xn+1) =) (VR @, B ,xn+1)>.
telzo,z1]) J=2

This allows us to simplify the above to

/B(xo,...,$n+1) = Z R(t,.rg,...,anrl)

te [mo ,.’Itl]g_ll)

+ Z R(t,xa, ..., Tni1) — Z R(t,z2,. .., Tni1).

tefw,2)Y) t€(zo,a2]
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Now let m denote the median of xg,x1,22. For all ¢ # j, the union
[z, m]gi)u[m, :ch]g_ll) is contained in [x;, :Uj]s? and the only segments in [x;, xj]g_ll)
that are not contained in this union are those that contain m in their interior.
There are at most (I — 1)od' of those, by Lemma 3.15, where d = dim(X)

and o is the staircase length of X. Hence, we can rewrite

Z Fc(t,mg,...,an) = Z /?a(t,xg,...,mnﬂ)

te[wi,xj}g_l[) tE[xi,m]g_lL)

+ Z I%(t,IQ,...,CL‘n+1)

te[m,xj]g_lt)

+ Z ’%(tax%"'?xn-‘rl)

1€ )57 \lwism] ) Ulm,a; )57

and the last sum is bounded by (I — 1)od" - ||&|leo < (I — 1)od" - ||k 0o-

It follows that up to a uniformly (in zg, ..., z,+1) bounded error, we have
ﬂ(l‘o,...,xn+1) = Z /?;(t,xg,...,xn+1)+ Z /%(t,l'Q,...,(L'yH_l)
te[xo,m]g_l[) Ife[m,azl]g_lL>
+ Z l%(t,]?g,...,CCnJrl)Jr Z R(t,xg,...,anrl)
te[m,m]gy tE[m,m]gi)
— Z I?&(t,l'g,...,fl‘n_;_l)— Z R(t,mg,...,$n+1).
tE[xo,m]g_lL) te[m,zg]g_lt>

This is 0 because by Equation (2), we have

Z %(t,$2,...,$n+1) == Z /%(t,$2,...,$n+1)-

te[m,z] Y tefar,m]y

In fact, this is the only place in the argument that uses the symmetry of
Equation (2). O

By applying the orbit map (Subsection 2.2), we obtain a vanishing result
in bounded cohomology of groups:

Corollary 3.24. LetI' ~ X be an action of a group I' on a finite-dimensional

CAT(0) cube complex X with finite staircase length. Letl € N, let s € Xﬁ),
let z €V and let ¢ € Hf ,(X;R) be non-transverse to I's. Then

(6" feal U OR(C) = 0 € H (TS R).
Proof. This follows directly from Theorem 3.23 (see Remark 2.10). U
3.4. Cup products of two median classes. As a special case, we consider
the cup product of two median classes [0'f,.] and [5 f].
The non-transversality hypothesis in Theorem 3.23 can be easily checked

in this case and is closely related to the notion of (non-)transversality for
halfspaces from Definition 3.3.

Theorem 3.25. LetI" ~ X be an action of a group I' on a finite-dimensional
CAT(0) cube complex X with finite staircase length. Let s = (hy D -+ D hy)
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hi hi

FiGURE 12. The situation in the proof of Theorem 3.25.

and r = (k1 D -+ D k) be H-segments in X. Suppose that each of the four
pairs Thy,Tky; Thy,Tky; Thy,Tky; Thy, Tk, is non-transverse. Then S,
and I's are non-transverse. In particular, by Theorem 3.23:

(0" f] U[" ;] = 0 € H (X3 R).

Proof. Again we may assume that I'r # I'T and use Equation (1) from
Remark 3.11. We show that 6'f.(a,z1,72) is independent of a € «aft)
whenever t € I's, under the assumption that the two pairs I'hy,T'k; and
I'h1, Tk, are non-transverse (the proof for w € w(t) is analogous, using
that the two remaining pairs are non-transverse). For this, it is enough
to show that f,.(a,z) is independent of o € «(t) whenever ¢ € I's. Since
a(ys) = ya(s) is I-invariant, it suffices to show the statement for ¢ = s.

So let a € a(s). By definition, there exists an edge e dual to h; that
has o as one of its endpoints and « € hy. Let o/ € a(s) and let ¢’ be the
corresponding edge. Let m := m(a,’,x). Thus, m € hy, since m € [a, o/]
and h is convex. The notation is illustrated in Figure 12.

Note that a and o' belong to N'({h1, h1})Nh1, so Lemma 3.5 implies that
[ov, o/]3 intersects each of the orbits 'ky, T'ky, Tky, and T'k, only trivially.
We obtain that the same also holds for [, m]y C [av, @/]3. This implies that
every occurrence of yr or 4T in [«a, z]y cannot intersect [, m]y, and thus

[, w]g_zz) NI'r = [m, x]gf) N I'r. By symmetry, the analogous statements hold

upon switching o and /. Thus:

frlam)= Y at)= > &)= Y  &)=f(d2). O

tE[a,x]g_zZ) te[m,x]gf) te[a/,x]gf)

4. TREES

We specialise the results of Section 3 to the case of actions on trees. Fix a
tree T'= (V, E) and an action of a group I on T'. Seeing T" as a CAT(0) cube
complex, halfspaces in T correspond to oriented edges, and hyperplanes to
unoriented edges. Therefore H-segments and oriented geodesic segments are
in one-to-one correspondence, with the same value of length. The definition
of the median quasimorphism then takes the following more familiar form:
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Definition 4.1 (median quasimorphism, tree case). In the situation above,
let s be an oriented geodesic segment in T. We define the median quasi-
morphism fs: V xV — R for s for all (z,y) € V x V to be the number of
translates of s in [z, y] minus the number of translates of s in [y, x].

Once again, if I's = I's then fs = 0, and otherwise it can be computed by
a formula as in Remark 3.11 [38, Section 3.1].

If z € V, the quasimorphism fs, on I' associated with the quasimor-
phism fs of I' ~ T via the orbit map of the base vertex x is the median
quasimorphism as considered by Monod and Shalom [51]. For many in-
teresting actions, such median quasimorphisms produce uncountably many
linearly independent quasimorphisms [38]*.

Example 4.2 (Brooks quasimorphisms as median quasimorphisms). Let F'
be a non-abelian free group with a fixed basis, let T' be the corresponding
Cayley tree. A reduced word w € F defines a segment s in T' of length |w].
Then f 1, the pullback of the median quasimorphism fs under the orbit
map at 1, coincides with the (big) Brooks quasimorphism H,, on F.

Moreover, given a segment s = [z, y], its head and tail (Definition 3.20) are
uniquely defined as = a(s), y = w(s). In particular, for every segment s
and every r € Cp (T, R), we trivially have that x and s are non-transverse.
Moreover, trees are finite-dimensional and have finite staircase length. So
Theorem 3.23 holds without any additional assumptions:

Theorem 4.3. Let I' ~ T be an action of a group I' on a tree T'. Let s be
an oriented geodesic segment in T, and let fs be the corresponding median
quasimorphism for I' ~T. Then, for alln > 1 and all { € Hfl,b(ﬂR)’ we
have

[6'f]U¢ =0€ HELA(T;R).
Similarly, Corollary 3.24 implies:

Corollary 4.4. Let I' ~ T be an action of a group I' on a tree T'. Let
x be a vertex, let s be an oriented geodesic segment, and let fs. be the

corresponding median quasimorphism of I'. Then for every n > 1 and every
class ¢ € op(HE ,(T;R)) C Hy (I';R), we have

[0 fs ] UC =0.
In particular, this holds in the following cases:

(1) When ¢ = [61f/m\u] for some other segment r and vertex w in T
(2) For every ¢ € Hy(I';R) if all vertex stabilizers are amenable.

Proof. The last statement is the only one that is specific to trees, and it
follows by applying Theorem 2.2. O

Remark 4.5. Let I" be a group acting on a tree T' with amenable vertex
stabilizers. Then all edge stabilizers are also amenable. Therefore up to
taking a subdivision of T, it follows that I' also admits an action on a tree
without inversions with amenable vertex stabilizers. In other words, I' is
the fundamental group of a graph of groups with amenable vertex groups.

10ne should note that it is not entirely clear whether conditions (i) and (iii) of [38,
Theorem 1] actually exclude each other as the argument for this part [38, Section 2.2] is
incomplete [35, p. 74]
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5. RIGHT-ANGLED ARTIN GROUPS

We derive vanishing results for cup products of median classes of right-
angled Artin groups, considering the action on the universal covering of
their Salvetti complexes. Moreover, we give examples of median classes of
right-angled Artin groups that are non-trivial in bounded cohomology.

5.1. RAAGSs and the Salvetti complex. We first recall basic definitions
and refer the reader to the literature [14] for more details.

If G is a finite unoriented simplicial graph, the corresponding right-angled
Artin group (RAAG) T == A(G) is the group with presentation

(V(G) | [v,w] =1: {v,w} € E(G)).

The corresponding presentation complex is a square complex, and gluing
higher-dimensional cubes for each clique in G provides a compact non-
positively curved cube complex, called the Salvetti complex S(G). The
universal covering S(G) of S(G) is a finite-dimensional CAT(0) cube com-
plex, on which I' acts simplicially, freely, and cocompactly. We will denote
it simply by X, and let V be its vertex set. Because the action is free,
the orbit maps induce isomorphisms Hf. ,(X;R) = Hy(I'; R) (Theorem 2.2).
Moreover, S(G) is a model of K(T',1) (we will not use this fact directly).
More importantly, let us recall that S(G) satisfies the relevant finiteness
conditions:

Remark 5.1. Salvetti complexes of finite unoriented simplicial graphs are
finite-dimensional and have finite staircase length [18, Lemma 4.17].

Given an edge e of X, the projection of e to S(G) is one of the edges of the
original presentation complex, and so has a label A(e) € V(G). This label
is preserved by the action of I'. Moreover, if e is dual to a halfspace h, then
A(h) == A(e) is well-defined (this can be seen from an alternative description
of S(G) [14, Section 3.6)).

In the following, we will always consider this setup:

Setup 5.2. Let I' be the RAAG associated with a finite unoriented simplicial
graph G and let X = S(G) be the universal covering of the Salvetti complex.

The following lemma collects several properties given in Setup 5.2.

Lemma 5.3. In the situation of Setup 5.2, we have:

(1) Let h, k be halfspaces in X. Then the following are equivalent:
(a) There ezists v € I' with h th vk.
(b) The vertices A(h) and \(k) of G are distinct and connected by
an edge.

(2) Let h,k be halfspaces of X such that h D k is tightly nested. Then
{\(h), A(k)} is independent in G.

(3) Let v € T be represented by a reduced word w in V(G)* such that
every two consecutive letters of w are either equal or do not commute
with each other. Then for all x € X(0), there is a unique geodesic
i X from x to yx and the sequence of labels on the edges occurring
i this geodesic 1s given by w.



26 MEDIAN QUASIMORPHISMS AND THEIR CUP PRODUCTS

Proof. To prove Item 1, we first assume that A(h) and (k) are distinct and
connected by an edge. Then there is square in X whose boundary consists
of two edges with label A\(h) and two edges with label A(k). Let e and
er be such edges with A(ep,) = A(h) and A(ex) = A(k), respectively. By
construction, the hyperplanes dual to these edges are transverse to each
other. As X is the universal covering of S(G), there is exactly one I'-
orbit of edges for each vertex in v € V(G); such an orbit consists of all
edges e in X with label A(e¢) = v. This implies that there are 71,7, € T
such that {’ylh,ﬂ} is the hyperplane dual to the edge e; and such that
{72]{:,727]{} is the hyperplane dual to the edge e;. In particular, we then
have y1h 2k, so h ’yl_lfygk.

To show the reverse implication of Item 1, let A, k be halfspaces in X
and v € T" such that h M vk. By Lemma 3.4, there is a quadrangle eg, frr,
evK, fyi such that ey, fg are dual to the hyperplane H = {h,ﬁ} and such
that ek, fyx are dual to the hyperplane yK = {’yk, 'yE}. As X is CAT(0),
this quadrangle forms the boundary of a 2-cube in X [56, Lecture 2]. This
implies that A\(H) and A(yK) = A(K) form a clique in G, i.e., these vertices
are connected by an edge.

Regarding Item 2, Ferndés—Forrester—Tao show that if A D k is tightly
nested, then there is no v € I" such that h h «h [17, Lemma 7.3, cf. Definition
7.1.(2)]. By Item 1, this implies that {A(h), A(k)} is an independent set in G
(consisting of one or two vertices).

Item 3 follows from canonical forms of words in RAAGs [14, Section 2.3].

O

5.2. Vanishing cup products on RAAGs. We apply Theorem 3.23 and
Theorem 3.25 to RAAGs.

Corollary 5.4. In the situation of Setup 5.2, let | € N and let s = (h; D

- D hy) € Xg_?. If A\(h1) and A(h;) are isolated vertices of G, then every Kk €
F,b(V;R) is non-transverse to I's. In particular, for every ( € Hﬁb(X;R),
we have
[6'fs]U¢ =0 € HY 2 (X R).

Proof. The finiteness conditions on X are satisfied (Remark 5.1).

As in the case of trees, non-transversality is automatic if heads and tails
of segments are unique. The highest dimension of a cube containing an
edge e of X equals the highest cardinality of a clique in G containing A(e).
In particular, if A(e) is isolated in G, then by definition, no edge in S(G)
with label A(e) is contained in a higher-dimensional cube. Hence the same
is true for all such edges in the universal covering X, which implies that
each of the two halfspaces dual to e has a unique head and a unique tail.
Moreover, this property is preserved by the action of I'. This proves the
non-transversality claim.

We can then apply Theorem 3.23 to obtain the vanishing result. O

Applying Theorem 3.25 to the setting of RAAGs, we obtain:

Corollary 5.5. In the situation of Setup 5.2, letl € N, let s = (h1 D -+ D
h) € X;_?, andr = (k1 D --- D kp) € X;f). Suppose that each of the four
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pairs A(hi), M(k1); A(h1), A(kp); A(hi), A(k1); M), A(kp) are not connected
by an edge in G. Then

[51f8] U [51f7‘] =0¢ H%,b(X§R)-

Proof. The finiteness conditions on X are satisfied (Remark 5.1). The
characterisation of Item 1 of Lemma 5.3 shows that in this situation the
non-transversality hypothesis of Theorem 3.25 is satisfied. Applying Theo-
rem 3.25 to the action of I' on X proves the claim. O

Again, let us remark that although the definition of non-transversality
is more natural at the level of the action, the orbit map gives a canonical
isomorphism Hp ,(X;R) = Hy(I';R), and so Corollaries 5.4 and 5.5 are
actually statements about the usual bounded cohomology of RAAGs.

5.3. Non-trivial median classes in RAAGs. Finally, we show that there
is a wealth of median classes on RAAGs that are non-trivial in bounded
cohomology.

Every halfspace in X induces an orientation on its dual edges. Now every
oriented edge in X determines an element in

V(G)* = {v ‘ veV(G)}uU {v_l |veV(G)}.

Hence, an ‘H-segment s € ng_? determines a sequence A\*(s) of such elements.
It is easy to see that this sequence is reduced, so contains no subsequence
of the form vv™! or v'v. Hence, A\*(s) is a reduced word representing
an element of I'. Similarly, every geodesic in X defines a reduced word
in V(G)*. However, one should be aware that A*(z) does not necessarily
determine the orbit I's completely.

To show non-triviality of certain median classes, we use free subgroups A
of I'. Let us recall that a set of vertices of a graph is independent if the
graph does not contain an edge between any two of the vertices in this set.
Whenever F' C V(G) is independent, it spans a free subgroup A := (F') of I.
(These are often called parabolic or graphical free subgroups.)

There are two canonical ways of relating the bounded cohomology of "
with the one of A: The group A is a retract of I' and so Hj (A; R) is a retract
of Hy(I';R)). More explicitly: On the one hand, the inclusion i: A — T'
induces a restriction map

(3) H; (i;R): Hp(T;R) — Hi (A;R).

On the other and, there is a canonical epimorphism p: I' — A that is given
by the identity on A < T" and sends every other generator v € V(G) \ F to
the identity. This induces a pullback map

(4) H; (p;R): Hy(A;R) — HP(T'; R).

We first use the restriction map (Equation (3)) to show that there are large
classes of non-trivial median classes on RAAGs to which our results apply
(Proposition 5.7, Proposition 5.9). We later show that these classes are not
pullbacks of Brooks quasimorphisms (Proposition 5.10).

Let w € A be a reduced word with respect to the basis F. Then as
explained by Fernés—Forrester—Tao [17, proof of Proposition 4.7], for every
vertex x € X (0), there exists a sequence s(w) of tightly nested halfspaces
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in X that has x € a(s(w)) as a head and such that A*(s(w)) = w. Sim-
ilarly to the non-overlapping case considered by Fernés—Forrester—Tao [17,
proof of Proposition 4.7], one can show that fg,), restricts to the Brooks
quasimorphsim H,, on A. This is in fact true for every segment s that has
x as a head and such that A*(s) = w:

Lemma 5.6 ([17, proof of Proposition 4.7]). In the situation of Setup 5.2,
let FF C V(G) be independent and A == (F). Let x € X(0) and s an H-
segment that has x© as a head: x € a(s). Then

fs,x A= Hwa

where w := At (s) and Hy: A — R is the big Brooks quasimorphism associ-
ated to w.

Now we choose x € X (0) and consider the following subspace of Hz (I'; R):
Br = {[0"fou] | LEN, s = (h1 D+ D hy) € XV, and A(ln), A(hy) € F}

If F' is an independent subset of G, then on the one hand, our results show
that the cup product is trivial on Bp (Corollary 5.5); on the other hand, we
can use Lemma 5.6 to show that the subspace B is very big:

Proposition 5.7. In the situation of Setup 5.2, if I C V(G) is an in-
dependent set of vertices in G and |F| > 2, then dim Bp = oo and for
all p,v € B, we have

©U® =0 HHI;R).

Proof. For the infinite-dimensionality, we follow the argument from the non-
overlapping case [17, Proposition 4.7]: Let {a,b} be a two-element subset
of F. Then, the subgroup A C T' generated by {a,b} is free. It suffices
to show that the restriction HZ(I'; R) — HZ(A;R) maps B to an infinite-
dimensional subspace of Hg(A; R). Let w € A a reduced word with respect
to {a,b}. As noted above, there exists an H-segment s(w) in X that has
some vertex x as a head and such that the median quasimorphism fy() .
on I restricts to the (big) Brooks quasimorphism of w on A (Lemma 5.6).
The set of (big) Brooks quasimorphisms on A spans an infinite-dimensional
subspace of H (A;R) [7, 29] (see also Proposition 2.6). By construction, the
restriction maps Bp onto this subspace. Hence, dim Br = oo.

That the cup product vanishes on Bp is an immediate consequence of
Corollary 5.5. (]

Remark 5.8. In the case in which F' = {v} is a single vertex that is not
central in I' = A(G), we still obtain the same result. Indeed, suppose that
v € V(QG) is another vertex such that F' = {v,v'} is independent. Then
the previous lemma shows that By is infinite-dimensional, by pairing each
element with a Brooks quasimorphism of the free group on {v,v'}. If we
only consider those Brooks quasimorphisms that start and end with v, then
we obtain elements in Bp, which are still non-trivial. These witness that
the space is infinite-dimensional [29].

It is possible to choose such a v/, unless v is central. But the latter
case is of little interest, since then the canonical epimorphism A(G) —
A(G \ {v}) induces an isomorphism Hj; (A(G \ {v});R) — H;(A(G);R) in
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bounded cohomology. This follows directly by applying Gromov’s Mapping
Theorem [31][23, Section 5.5].

We point out that every non-trivial element of a RAAG is detected by
the homogenisation of a median quasimorphism fitting in one of the sub-
spaces Br above (Proposition 5.9). Together with Proposition 5.10 this
indicates that median quasimorphisms form a rich class of quasimorphisms
on RAAGs.

Recall that if I' is a group, the map ' induces an isomorphism between
the space of homogeneous quasi-morphisms of I' and the kernel of the com-
parison map (see Proposition 2.6). For a quasimorphism f: ' — R, let
f be the homogenisation of f, i.e., the quasimorphism defined by f(v) =
limy, 00 f(y™)/n for all y € T.

Proposition 5.9. In the situation of Setup 5.2, lety € T'\{1} andx € X(0).

Then there exists an |l € N and a segment s = (hy D -+ D ) € Xg_? such
that fs.(v) > 1 and such that {\(h1), A(h;)} is an independent set in G.

Proof. Call a segment s = (hy D --- D hy) y-nested if h; D vhy, i.e. if s and
s assemble to a segment (h; D -+ D hy D vhy D --- D vhy). Let s be a
maximal y-nested segment in [z, yz]y.

Fohn proves [19, Lemma 4 and Proof of Theorem 15] that for all n > 1,
the number of non-overlapping translates of s in [x,7"x]y is at least n
and that [z,v"z]y contains no translate of 5. This implies that f(x,~v"z),
which is the number of (possibly overlapping) translates of s in [z, v"z]|y
minus the number of translates of s in [z, y"x]y, is at least n. In particular,

fs,x(’)’) = lim, 00 fs(.f,’yn.’lj)/n > 1.

Furthermore, whenever s = (hy D --- D hy) is maximally y-nested, then
hy D «yh; is tightly nested [19, Lemma 12]. So Item 2 of Lemma 5.3 implies
that {A(h1), A(h;)} is independent. O

5.4. Comparison with pullbacks of Brooks quasimorphisms. The
non-trivial median classes described above are genuinely related to the cu-
bical (or median) structure of the CAT(0) cube complex and not just equal
to the classes that one obtains as pullbacks of Brooks quasimorphisms via
Equation (4).

Proposition 5.10. In the situation of Setup 5.2, let s be an H-segment,
and suppose that one of the following holds:

(1) The set of labels of halfspaces in s is not independent in G;

(2) The set of labels of halfspaces in s is an independent set F' C V(Q)
of size 2 < |F| < |V(G)|, such that A := (F) is not a direct factor
of T, and \*(s) is cyclically reduced.

Then for every x € X(0), the quasimorphism fs . is not at bounded distance
from the pullback of a non-zero Brooks quasimorphism on a parabolic free
subgroup.

Remark 5.11. We formulated assumption (2) in order to have a compa-
rably short proof that still witnesses that many median classes are not at
a bounded distance from pullbacks of Brooks quasimorphisms. However
this assumption is by no means necessary. For instance, with some more
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work, one can drop the assumption that /\i(s) is cyclically reduced. On the
other hand, the hypothesis that A is not a direct factor is necessary (see
Example 3.19).

Proof of Proposition 5.10. We first show (by contraposition) that Assump-
tion (1) implies the conclusion. Let s be an H-segment of X and assume
that the conclusion does not hold. Then there exist € X (0), a parabolic
subgroup A = (F) and a word w € A such that fs, is at a bounded distance
from H, := H, o p, where p: ' — A is the retraction and H,, is non-zero.
Since Hy|a is unbounded, fs;|a is also unbounded. Now, if v € A, then
by Item 3 of Lemma 5.3 there is a unique geodesic from x to vz, and the
sequence of labels on the edges of this geodesic describes a reduced word
in F'* representing . This implies that every halfspace h in [z,yz]y has
label A(h) € F. In particular, [x,yx]y can only contain a translate of s or
of 3 if every element of A*(s) is contained in F*. This shows that A¥(s)
describes a word in A, so the set of labels of halfspaces of s is independent
in G.

We now show that Assumption (2) implies the conclusion. Let x € X(0)
and let s be an H-segment such the set of labels of halfspaces in s is an
independent set F' C V(G) with |F| > 2, such that A\¥(s) is cyclically
reduced, and such that A := (F') is not a direct factor of T

Assume for a contradiction that f,, is at a bounded distance from the
pullback of a Brooks quasimorphism on a parabolic free subgroup A’. The
proof of Proposition 5.10 with hypothesis (1) shows that then A*(s) € A’.
Moreover, Lemma 5.6 implies that fs.|xr = H A£(s), Which combined with
Lemma 2.5 lets us assume that A = A’ and f;, is at a bounded distance
from H, with w = A\*(s) € A and H, = H, o p, where p : I' — A is the
retraction.

Assumption (2) also tells us that every element of F' occurs in A(s), and
that A is not a direct factor of I. Therefore there exist v € F and v’ €
V(G) \ F such that v and v’ are not connected by an edge. There is a cyclic
permutation of w of the form @ = v'wv™" with [ € Z and such that @ does
not end with v or v~1.

Up to an automorphism we may assume that the first occurrence of v
or v~! in @ is v. This implies that w neither starts nor ends with v=1. We
may write

w = wlvkwg,
where k > 0, where w; does not contain v or v~! and wy does not start with
v or v~ (By our assumption on @, the word ws also does not end with v
or v~1.) We note the following:

(5) If w; is non-trivial, then @ = w.
(6) wo is a subword of w.
Let

/ —k, 1.3k, 1, —k

w = wv vvttv v Twa.
Then w' is a reduced expression such that each two consecutive letters ap-
pearing in it are either equal to one another or do not commute. Moreover,
since w is cyclically reduced, the same holds for powers of w'.
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We claim that for no n > 1, the power (w’)" contains a copy of w or w1

First assume that w is a subword of (w’)™ for some n > 1. Then as w does
not contain ', it must be a subword of v *wywiv*. But as noted above,
w neither starts nor ends with v~!, so this implies that w is a subword
of wowy. This is impossible because len(w) = len(w) > len(wow). Now
assume that w™! is contained in (w’)". Then again, it must be contained
in v~Fwowiv*, which is equivalent to w being a subword of vFw; wy k.
If w; is non-trivial, by Equation (5), the word w = @ neither starts nor ends
with v. Hence, the inequality len(w) > len(wpwi) = len(w] 'wy ') again
gives a contradiction. If on the other hand w is trivial, then w is a subword
of Ukwglvk. By Equation (6), the same is true for wy. As ws is not a power

L overlap, which is impossible (see, e.g.,

of v, this implies that wo and wy
[20, Lemma 3.14)).

It follows that fs »((w')™) = 0 for all n € N. Indeed, as noted above, (w')"
is a reduced expression such that each two consecutive letters appearing in
it are either equal to one another or do not commute. Hence, by Item 3
of Lemma 5.3, there is a unique geodesic in X from z to (w’)"z and the
sequence of labels of its edges is given by (w’)™. This implies that for every
H-segment ¢ contained in [z, (w’)"z]3, the sequence AT () must be a subword
of (w")"™. However, we showed in the previous paragraph that (w’)” contains
no copy of w = A (s) or w™' = A*¥(5). Hence, no translate of s or 5 is
contained in in [z, (w')"z]y.

On the other hand, the epimorphism p: I' — A sends w’ to w. So, we
obtain Hy,((w')") = Hy, (™) > n — 1 because 0 is a cyclic permutation of
the letters of w, the word w is cyclically reduced and no occurrence of w~?
can overlap with w. Hence f;, and JEIU, are not at bounded distance, which
is a contradiction. O

APPENDIX A. CUP PRODUCTS AND Lex

Group epimorphisms induce injections on the level of bounded cohomol-
ogy in degree 2 [3][23, Section 2.7]. It is not known whether this behaviour
persists in higher degrees. We explain how vanishing results for cup products
have the potential to lead to non-examples in degree 4 and all degrees > 6.

Definition A.1. Let Lex be the class of all groups A with the following
property: For all groups I" and all epimorphisms f: I' — A, the induced
map Hy (f;R): Hy(A;R) — Hj(I'; R) is injective.

Bouarich shows that this class Lex contains many geometrically defined
groups (e.g., free and surface groups) and that Lex is closed with respect
to several “amenable” constructions [4]. Moreover, the class Lex has been
studied in the context of boundedly acyclic groups [21]. It seems likely that
not every group is in Lex, but no examples seem to be known.

Our recipe relating cup products to Lex relies on the interaction between
bounded cohomology and ¢*-homology. The ¢!-homology functor Hﬁl( -;R)
is defined as the homology of the ¢!-completion of the homogeneous complex
on groups (or equivalently of the /!-completion of the singular chain complex
of classifying spaces) [48, 42]. For a group I, evaluation of bounded cocycles

on (1-cycles leads to a natural bilinear map (-, -): Hj(T;R) x H!' (I';R) — R.



32 MEDIAN QUASIMORPHISMS AND THEIR CUP PRODUCTS

Definition A.2 (/!-detectable). Let I' be a group and n € N. A class ¢ €
H(T;R) is £!-detectable if there exists an « € Hfll(I‘; R) with (¢, a) # 0.

Proposition A.3.

(1) Cross-products of ¢*-detectable classes are ('-detectable and hence
non-trivial.

(2) All non-trivial classes in Hi (- ;R) are ('-detectable.

(8) If M is an oriented closed connected hyperbolic manifold of dimen-
sionn > 2, then there exists an ('-detectable class in H} (w1 (M); R).

Proof. The first part follows from the fact that cross products are multi-
plicative with respect to evaluation in the sense that

(o x ¥, ax B) = +(p, @) - (¢, B)
holds for all bounded cohomology classes ¢, 1 and all £*-homology classes «,
B in compatible degrees [43, Proposition 2.5].

The second part follows from an observation by Matsumoto and Morita [48,
Corollary 2.7, Theorem 2.3].

The third part is a consequence of the duality principle and the fact that
the simplicial volume of oriented closed connected hyperbolic manifolds is
non-zero [31]. Thus, the dual fundamental class is in the image of the
comparison map and the fundamental class witnesses ¢!-detectability. O

Theorem A.4. Let A1, Ao, A3 be groups. We consider the (co)product
groups I' == (A1 * Ag) x A3 and A := (A1 x A2) x Ag and the group homo-
morphism
f = ((fl,fg)oA) xidp,: I'—= A
given by the projections f;: I' — A; to the first and second free factor,
respectively, and the diagonal A: T' — I' x I'. Furthermore, we assume that
there exist ni,n9,n3 € N with n1 + no +nz = n and bounded cohomology
classes p; € Hy? (Aj;R) for each j € {1,2,3} with the following properties:
(D) The classes o1, pa, @3 are {*-detectable.
(C) We have B (f1R) (1) UH? (foi R)(i22) = 0 € H (T R).
Then Hy' (f;R) is not injective. In particular, the group A is not in Lex.
Proof. Under these hypotheses, the class ¢ = 1 X p2 x p3 € Hy(A;R)
witnesses that Hj' (f;R) is not injective:
e The /!-dectability (D) and Proposition A.3 imply ¢ # 0 in H} (A; R).
e Moreover, property (C) and the relation between the cup and the
cross product allow us to compute that

HP 2 ((f1, f2) 0 Ay R) (01 X 2)
= Hp "2 (A R) (HY (f13R) (1) x HP? (f23R) (2))

= H' (f1;R)(¢1) UHL?(f2; R) (¢2)
=0.

In particular, we obtain

Hy (fiR) (@) = HP* "2 ((f1, f2) 0 AsR) (01 X 2) x Hy® (id,; R)(¢3)
=0 x Y3 = 0.
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Therefore, HY (f;R): Hy (A;R) — HP(T'; R) is not injective.
By construction, f is an epimorphism. Therefore, the non-injectivity
of Hy (f;R) shows that A is not in Lex. O

What are candidates for finding groups and classes as in Theorem A.4 7
It is tempting to consider the following situation: Let n € {4} UN>g. We
set nq =2, no := 2, and ng :=n — 4.

o If n = 4, then we take Aj as the trivial group; then, every ¢3 €
HY(A3;R) \ {0} is ¢'-detectable.

If n > 6, then we choose A3 as the fundamental group of an ori-
ented closed connected hyperbolic (n — 4)-manifold (such manifolds
do exist); in view of Proposition A.3, there then also exists an £!-
detectable class @3 € H;*(A3; R).

e Let Ay := Fy, Ay == F5 and let 1,09 € Hg(FQ;R) be classes cor-
responding to non-trivial quasi-morphisms, e.g., Brooks quasimor-
phisms or Rolli quasimorphisms. Then ¢; and 9 are ¢!-detectable
(Proposition A.3).

What about property (C) from Theorem A.47? For j € {1,2},
the pull-back H7(f;; R)(p;) € Hy (F2 * Fp; R) unfortunately does not
obviously fall into one of the classes for which it is known that the
cup products vanish (see, e.g., Proposition 5.10).

In summary, if H2(f1; R) (1) UHZ(fo; R)(2) € Hi(Fy; R) were known to be
zero, then we would have a rich class of examples of non-Lex groups.
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