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Abstract

We introduce polynomially weighted ¢P-norms on the bar complex of a finitely
generated group. We prove that, for groups of polynomial or exponential growth,
the homology of the completed complex does not depend on the value of p in the
range (1, 00).
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2 1 Introduction

1 Introduction

Let G be a finitely generated group. In order to state our main result, we quickly
introduce the main players in it.

The group homology H,(G;C) can be computed as the homology of the bar com-
plex C,(G; C). Chains c € Cy(G;C) are of the form ¢ = deGk ag - e, 91, .., 9k, where
only finitely many of the coefficients a, are non-zero. We choose a finite generating set S
for G to get a word-metric on G. For n € N and p € [1,90) we then define a weighted
norm on Ci(G;C) by [, := (deck |ay|” - diamg(g)") VP We equip Cy(G;C) with the
family (| — [, + |0 — |2 ,)nen of norms and denote the corresponding completion to a

Fréchet space by C7(G). The homology of the resulting chain complex C¥(G) is denoted
by HE(G).

Main Theorem (Theorem [3.1] Proposition 2.6)). Let G be a finitely generated group of
polynomial or exponential growth and let p,q € (1,00) with p < q. Then the canonical
homomorphism HY(G) — HE(G) is an isomorphism.

Relation to the strong Novikov conjecture Let us explain why we are interested in
a theorem like the one above. We first have to recall the following two notions. Firstly,
a group G is called of type F,, if it admits a model for its classifying space BG of
finite type (i.e., a CW-complex that in each dimension has only finitely many cells).
Secondly, a group of type F, is called polynomially contractible, if its Dehn function and
its higher-dimensional analogues are polynomially bounded. Note that this assumption
on (G is not very strong: most of the groups that one would call non-positively curved
(like hyperbolic groups, CAT(0)-groups, systolic groups or mapping class groups) are
polynomially contractible. This follows from the fact that if a group is polynomially
combable (i.e., combable with a uniform polynomial bound on the lengths of the combing
paths), then it is polynomially contractible [JR09, End of 2nd paragraph on p. 257][Eng18|,
Prop. 3.4].

For hyperbolic groups any choice of geodesics in the Cayley graph will be a suitable
combing, for CAT(0)-groups any choice of quasi-geodesics in the group following uniformly
closely CAT(0)-geodesics in the underlying space will do the job, for systolic groups one
can use the bi-automatic structure found by Januszkiewicz Swiatkowski [J S06, Thm. E]
or the combing by Osajda—Przytycki [OP09], and an automatic structure on mapping
class groups was provided by Mosher [Mos95]. For a thorough compilation of polynomially
contractible groups see the introduction of [Engl§].

Corollary. Let G be a group of type Fy,, and of polynomial or exponential growth, and
let G be polynomially contractible. If there exists some p € (1,00) such that the canonical
homomorphism H}(G) — HEY(G) is injective, then the strong Novikov conjecture holds

for G.
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Proof. The proof relies on the following diagram [Eng18]:

|
chkl |
1

H,(G; C) —— H,(G)

Here, BPG denotes the norm completion of CG < B(¢’G) and the top horizontal map
is the analytic assembly map. In the case p = 2 we have B2G = C*@, i.e., the reduced
group C*-algebra, and the strong Novikov conjecture asserts that the analytic assembly
map in this case (i.e., for p = 2) is rationally injective.

Let © € RK,(BG) ® C be any non-trivial element. Because the homological Chern
character ch,: RK,(BG)® C — H,(G;C) is an isomorphism, there is some k € N such
that chi(z) € Hi(G;C) is non-zero. If G is of type F,, and polynomially contractible,
then the canonical map H,(G;C) — H!(G) is an isomorphism [Engl8| Corollary 4.4].
(Analogous statements in the dual situation, i.e., for the corresponding cohomology
groups, also hold [Ogl05, [JR09, [Mey06].) Further, the right vertical map in the above
diagram exists for all p < (k + 2)/(k + 1). Hence, for such p the element z is not in the
kernel of the analytic assembly map.

Since our goal is the strong Novikov conjecture, i.e., to show that the element x is not
in the kernel of the assembly map for p = 2, we can try to go with the lower horizontal
map to H}(G) for some ¢ > 1 instead of to H}(G), i.e, we consider the new diagram

RK.(BG) K.(ByG)

chkl |
4

Hy,(G; C) —— Hy(G) —— H{(G)

Also in this case, we can construct the right vertical map for all p < ¢ - (k+2)/(k + 1)
(this can be shown as in previous work of the first named author [Eng18, Proposition 5.1]).
In particular, if ¢ is big enough, we can do it for p = 2. We have already noted above
that polynomial contractibility gives us that the canonical map H,(G;C) — H}(G) is an
isomorphism. Using the main theorem, we see that if the canonical map H}(G) — H%(G)
is injective for some p > 1, then H}(G) — H{(G) will be injective for every g € (1,0).
Hence our element x is not in the kernel of the assembly map for the case p = 2. O

Unfortunately, the hypotheses of this corollary are not satisfied for all groups: For
example, for the free group Fy of rank 2, the canonical homomorphism H{ (Fy) — HY(F)
is trivial for all p € (1,0) (Theorem [4.1] Theorem [2.4)). In fact, we expect this vanishing
result to hold in far greater generality, and thus this approach to the strong Novikov
conjecture is not promising.

Questions Let us collect some open problems arising from the present paper. Since
this seems to be the first time that such polynomially weighted ¢P-completions of group
homology are defined, there are many natural questions left open.
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e Does Theorem i.e., the comparison in the range (1, 0), also hold for groups of
intermediate growth?

e For which groups of superpolynomial growth does Theorem also hold in the
cases ‘p=1"or “g=00" 7

e For which groups G and which p € (1, 0] is the canonical map H}(G) — HEY(G),
resp. the canonical map H,(G;C) — H%(G), injective?

e For which groups G and which p € [1,»], k € N is H}(G) non-trivial? How can
such classes be detected?

Related work Though this seems to be the first time that these polynomially weighted
(P-completions of group homology are defined, there are of course similar things already
in the literature:

e Bader, Furman and Sauer [BES13] investigate the comparison maps from ordinary
homology and Sobolev homology, respectively, to the ¢!-homology of any word
hyperbolic group.

e Nowak and Spakula [NS10] study coarse homology theory with prescribed growth
conditions.

e Weighted simplicial homology was studied by Dawson [Daw90] and by Ren, Wu
and Wu [RWW17].

e The dual situation to the one from the present paper, but only in the case
of /1, i.e., group cohomology of polynomial growth, was studied by Connes and
Moscovici [CM90] in relation with the strong Novikov conjecture, and further
investigated by many others like Ji [Ji92], Meyer [Mey06] and Ogle [Ogl05].

Overview of this article Section 2 introduces the polynomially weighted ¢P-versions of
group homology in full detail and discusses the case of groups of polynomial growth. In
Section [3 we establish the comparison theorem for groups of exponential growth. The
vanishing result for the free group is proved in Section

Acknowledgements The authors were supported by the SEB 1085 Higher Invariants of
the Deutsche Forschungsgemeinschaft DFG. The first named author was also supported
by the Research Fellowship EN 1163/1-1 Mapping Analysis to Homology of the DFG,
and the DFG Priority Programme SPP 2026 Geometry at Infinity (EN 1163/3-1 “Duality
and the coarse assembly map”). Moreover, we would like to thank the anonymous referee
for providing helpful comments.
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2 Weighted /’-norms on group homology

2.1 Definition and basic properties

Definition 2.1 (weighted /P-norms). Let G be a finitely generated group endowed with
a finite generating set S, let k € N, and let p € [1, ). For n € N we define the n-weighted
(P-norm (with respect to S) by

| = 155: Ch(G;C) — Ry

1/p
Sy e gur. o] — (2 |ag|p-diams<g>") |

geG* geGF

where diamg(g) := diamg{e, g1, . .., g} is the diameter with respect to the word metric dg
on G.

We then equip Cy(G; C) with the family (| =I5, +[|0— |5 ,)new of norms and denote the
corresponding completion to a Fréchet space by C%(G). By construction, the boundary
operator of Cy(G; C) extends continuously to C (G) and the homology of C%(G) is called
(P -polynomially bounded homology of G, denoted by Hi (G).

In the case of p = o0, we proceed in the same manner, using the n-weighted {*-norms
(with respect to S), defined by

| =151 Ck(G5C) — R

Z ag-le, 91, ..,k — sup |ag| - diamg(g)". ¢
gEGk gEGk

Remark 2.2. If G is a finitely generated group, k,n € N, and p € [1, 0], then different

finite generating sets S, T of G lead to equivalent (semi-)norms | — |7 and | — |1
on Ci(G; C). Therefore, the completions C%(G) and the homology H%(G) are independent
of the choice of finite generating sets. ¢

Remark 2.3. Let G be a finitely generated group and let p, ¢ € [1,0) with p < ¢. Then
the canonical inclusion C%(G) — C{(G) is contractive in the following sense: For every
finite generating set S of G and every n € N the identity map C,(G; C) — C,(G;C) has
norm at most 1 with respect to the norms || — | and || — |5, respectively. In particular,
we obtain a canonical induced map

If pe[l1,0) and n € N, then
vcEC’k(G;(C) chs,oo < Hd‘ﬁn-pl,p’

which yields a canonical map Hi(G) — HF(G). ¢
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2.2 The case p =1

It is already known that the canonical map H,(G;C) — H](G) is an isomorphism for
a large class of groups.

To state the corresponding theorem, we have to recall two notions. Firstly, a group G
is called of type F,,, if it admits a model for its classifying space BG of finite type (i.e., a
CW-complex that in each dimension has only finitely many cells). Secondly, a group of
type F, is called polynomially contractible, if its Dehn function and its higher-dimensional
analogues are polynomially bounded.

Most of the groups that one calls non-positively curved (like hyperbolic groups, systolic
groups, CAT(0)-groups or mapping class groups) are polynomially contractible (see the
introduction for references).

The following theorem has been proved (in variations) by different people in different
ways [Engl8, [CM90), Mey06, |[Ogl05], [JR09, [JORI13]:

Theorem 2.4. Let G be a group of type F,, that is polynomially contractible. Then the
canonical map Hy(G;C) — HL(G) is an isomorphism.

Remark 2.5. Without the assumption of polynomial contractibility, Theorem is
likely false.

Ji, Ogle, and Ramsey provided groups whose comparison maps from bounded coho-
mology to ordinary cohomology fail to be injective or surjective, respectively [JOR13|
Sec. 6.4 & 6.5]. Bounded cohomology, as they investigate it, is dual to our H}(—) in
the sense that it pairs with it (and this pairing is compatible with the usual pairing of
homology with cohomology under the comparison maps). Please be also aware that their
bounded cohomology is not the one used by Gromov [Gro82].

It seems therefore plausible that the groups of Ji, Ogle and Ramsey are also examples
of groups for which the canonical map H,(G;C) — HL(G) is not injective or surjective,
respectively. ¢

2.3 Comparison on groups of polynomial growth
Proposition 2.6. Let G be a finitely generated group of polynomial growth and let
p,q € [1,00] withp < q.

1. Then the inclusion C%(G) — C(G) is bounded from below in the following sense:
For every finite generating set S of G and all k,n € N there exist C' € R.g andm € N
with

vceCk(G;C) ||C‘ gz,q = C- chi,p'

2. In particular, the canonical map HE(G) — H¥(G) (Remark[2.3) is an isomor-
phism.

Proof. Ad 1. We first consider the case ¢ < 0. Let D € N be the polynomial growth
rate of GG, let S be a finite generating set of G, and let k,n € N. Then

_— [q.((k-D+2)'(%—é>+g)]
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has the desired property, as can be seen by the generalized Holder inequality: Because D
is the polynomial growth rate of G, there is a constant K € R.q with

Vieno, B(r):=|BS®(r)| < K-r”

Moreover, because of ¢ > p, there is ¢’ € [1, ) with

Py

S
Q\

We now consider ¢ € Ci(G; C) and the weight functions

Wy, W2 Gk — R;[}
wy : g —> diamg(g)™4

wy : g — diamg(g)"P~™.

By definition, |c[;,, = |lc-wy - wall, and ||c|5, , = llc - w1y (where “” denotes pointwise
multiplication). Applying the generalized Holder inequality, we hence obtain

and it remains to bound ||ws||; by a constant. The polynomial growth condition yields

p S lle-willy - [wallg = e

ma w2l

o9)
|w2Hq Z dlam (%7%) < Z 5(7~)k . T‘Z"(%*%) < Kk: . Z ’I“k'D ] Tq/.(%,%)

geGk r=1 r=1
0
< KRt = KR ((2).
r=1

In the case ¢ = o0, one can proceed in a similar way (with m = [1/p- (k- D + n + 2)]).
Ad 2. By the first part, the identity map on the ordinary chain complex C,(G;C)
induces an isomorphism C%(G) — C{(G). Hence, the claim follows. O

2.4 Functoriality of weighted /’-chain complexes
Definition 2.7 (polynomially controlled kernel). Let G be a finitely generated group.

e A subgroup H < G is polynomially controlled, if for one (whence every) finite
generating set S < G there exist D € N and K € R.( such that

VT€N>0 ‘Bfﬁ(e) N H‘ < K- TD‘

e Let G’ be a group. A group homomorphism ¢: G — G’ has polynomially controlled
kernel if the subgroup ker ¢ of G is polynomially controlled in the sense above. ¢

Clearly, all group homomorphisms with finite kernel have polynomially controlled
kernel as well as all group homomorphisms mapping out of finitely generated groups of
polynomial growth.
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Remark 2.8. If H is a polynomially controlled subgroup of a finitely generated group G,
then every finitely generated subgroup K of H has polynomial growth.

The reason for this is that the inclusion K — G does not increase lengths of elements
if we choose a finite generating set S of GG containing the chosen finite generating set 7'
of K to define the word lengths. More concretely, we have for all r € N

B (o)l < |BFS(e) n K| < [B7(e) n HI.

We see that we even actually have that the growth rates of finitely generated subgroups
of H are uniformly bounded from above. ¢

Lemma 2.9. Let G be a hyperbolic group and H a subgroup of G. Then H 1is a
polynomially controlled subgroup if and only if H is virtually cyclic.

Proof. Let H be a polynomially controlled subgroup. By Remark finitely generated
subgroups of H are of polynomial growth. In particular, H does not contain a free
group of rank 2. As the ambient group G is hyperbolic, this implies that H is virtually
cyclic [Ghy90, Corollaire on p. 224].

Let H be virtually cyclic. Without loss of generality we can assume that H is isomorphic
to Z. Then H is quasi-isometrically embedded in G [BH99, Corollary II1.I".3.10(1)] and
hence a polynomially controlled subgroup of G. n

Proposition 2.10. Let p € [1,0], let G and H be finitely generated groups, and let
p: G —> H be a group homomorphism with polynomially controlled kernel. Then the
induced chain map Cy(p; C): Ciu(G;C) — C(H;C) is continuous with respect to the
weighted (P-Fréchet topologies.

Proof. Let us establish some notation: Let S < G and T' © H be finite generating
sets, and without loss of generality we may assume that ¢(S) < T. Let D € N be the
polynomial control rate of ker ¢; hence, there is a K € R.y with

Vieno, B(r) = ‘BGG’S(T) N kergp| <K -rP.

Furthermore, let p € [1,00] and k,n € N. Tt then suffices to prove that there exist m € N
and C € R., such that

VCECk(G;(C) HCk«D? C) (C)H

The arguments are similar to the proof of Proposition [2.6}
Let ce Cy(G;C), say ¢ = X con @y - [€, 91, - .-, g]. By definition of Cy(p; C), we have

(0= 0O = X (5 a) lehihul
(h)

heHk “gep—1

T

n?p

<C- HC||§1+n,p'

We will first consider the case p € (1,00). Let
m:=[(k-D+2)-(p—1)]
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and let p := p/(p—1). As first step, we bound the inner sum for a given h € H* (without
loss of generality, we may assume h # (e,...,e)): By the Holder inequality,

> agp<< Z(h)\agy)p

gep—1(h) gep—1!

5
N—
ik

< Z lay|? - diamg(g)™ - ( Z diamg(g)~

gep~1(h) gep~t(h)

p—1

< Z lag|? - diamg(g)™ - ( Z diamg(g)pl) :
gep~1(h) gep~t(h)

The first factor is related to |c[, , and hence of the right type. We will now take
care of the second factor: To this end, for j € {1,...,k} let g;(h) € G be a minimiser
of min{ds(e, g) | g € G, ©(g) = h;}. Then we have

1
Viseterp s (e, 95(h) - 15) = 5 - (ds(e, g; (1)) + ds(e, g;(h) - ;)
1 1
= 5 - ds(g;(h), g;(h) - r5) = 5 - ds(e, k)
and hence the polynomial control on the kernel yields
Z diamg(g) 71 = 2 diamg (g(h) - /<a)_PLjl
gep~(h) re (ker p)*
< d o h) - Kk o1
2 %) (g o)
re(ker @)k
a0 0
< 2p-1 . Z B(T)k s -1 L 21 Kk . Z rk'D . p—1
r=1 r=1

< 2v-1- KF.¢(2).

We set C' := (27-1- K*.¢(2))Y@=1_ Putting it all together, we obtain (because (S)  T)

Ie@m) = S| S o

heHk'gep—1(h)

<C- > ), laglP - diamg(g)™ - diamg(h)"

heHk gep=1(h)

<C- ) D agl - diamg(g)™ - diamg(g)"

heHF gep—1(h)

<C- Z |a9|p ’ diams(g)m+n =C- (HCH7€1+n,p)p’

geGk

: dlamT(h)"
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as desired.
In the case p = 1, the estimates above simplify significantly because the inner sum can

be treated directly with the inherited ¢!-bound and one obtains

Veecuco) [0, < lelis

In the case p = o0, we take m := k- D + 2. Then the inner sum admits the following

estimate for given h € H* (without loss of generality, we may assume h # (e, ..., ¢)):
D oa < D) ag| - diamg(g)™ - diamg(g) "
gee~ ' (h) gep~ ! (h)
< sup |a,| - diamg(g)™ - Z diamg(g)™"™
gept(h) gep~1(h)
< sup |ag| - diamg(g)™ - 2™ - K* - ¢(2).
gee1(h)
This implies [(c)[2,, < 2™ - K% ((2) - [l 00- =

Corollary 2.11 (functoriality). Let p € [1,00], let G and H be finitely generated groups,
and let ¢o: G —> H be a group homomorphism with polynomially controlled kernel.

1. Then Cy(p; C) admits a well-defined, continuous extension
Cp): CUG) — CL(H),
which is a chain map.

2. In particular, we obtain a corresponding homomorphism HE(p): HY(G) — HY(H)
that is compatible with H,(p;C): H.(G;C) — H,(H;C).

Proof. This is a direct consequence of Proposition [2.10] O

3 Comparison in the range (1, )

Theorem 3.1. Let G be a finitely generated group of exponential growth and p,q € (1, 0)
with p < q.

1. The inclusion C%(G) — CL(G) is a chain homotopy equivalence.

2. In particular, the canonical map HE(G) — H{(G) (see Remark[2.9) is an isomor-
phism.

The proof of Theorem is based on the following basic chain-level result, which will
be proved in Section |3.2]
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Proposition 3.2. Let G be a finitely generated group of exponential growth with fi-
nite generating set S and let p,q € (1,0) with p < q. Then there exists a chain
map E: Cy(G;C) — CL(G;C) and a chain homotopy B between E and the identity
with the following properties: For all k,n € N there exist K € Rog and m € N such that
for all ¢ € C(G; C) we have

[E@)[7 < K- (S, + [oc]5, ) (3.1)
[0B@)[7, < K- (el + loc],, (3.2)
[B)[;, < K - (el + oc]5,.,) (3.3)
[0B@|Z < K- (lelS,,, + loc]s,,,) (3.4)

Taking Proposition [3.2] for granted, the proof of Theorem [3.1]is immediate:

Proof of Theorem[3.1. We write i: C%(G) — C{(G) for the canonical inclusion map.
Let E and B be maps as provided by Proposition [3.2} Estimates (3.1)) and (3.2) show
that E extends to a continuous chain map

E: CY(G) — C?(G).

Similarly, the Estimates (3.3]) and (3.4)) (for p and for ¢) show that B extends to continuous
chain homotopies

p): CL(G) — CY(G)

(q): CYG) — CYG)

<l o

between F o1 and the identity on C%(G) and between i o E and the identity on C{(G),
respectively. Therefore, 7 is a chain homotopy equivalence and thus induces an isomor-
phism HY(G) — H{(G) on homology. O

3.1 Diffusion

It remains to construct the maps F and B in Proposition 3.2l The fundamental observa-
tion is that fP-norms on C,(G;C) can be decreased by diffusing the coefficients over a
large number of simplices. Therefore, we diffuse the simplices by coning them off with
cone points in annuli of suitable radii (Figure |1f).

Definition 3.3 (diffusion cone operator). Let G be a finitely generated group, k € N
and let Z: G* — Pg,(G) be a map (here Py, (G) denotes the collection of finite subsets
of G). The diffusion cone operator associated with Z is defined by

Cv(G;C) — Cy11(G; C)

1
[67917"'7gk]'—)|—' Z [2765917"'79k]' ’
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Figure 1: Diffusing chains/cones of a simplex (solid vertices; centre) using cone points
(empty) in an annulus

The key parameter of the diffusion cone construction is the function Z determining
the supports of the diffused simplices. We will use wide enough annuli of large enough
radii. More precisely, we let the radii grow polynomially (of high degree) in terms of the
diameter of the original simplices.

Definition 3.4 (diffusion annuli). Let G be a finitely generated group with a chosen
finite generating set S and let N € N.;y. We define the diffusion annuli map of degree N
for k € N by

Z: Gk B Pﬁn(G)
g— 7diams(g)a
where

Z: N+ Py, (G)

r— Z,:={geG|rV —rV" < dg(e,g) <r"}.
Moreover, we write
p:N— N
r—s 2.7V, ¢

Before starting with the actual proof of Proposition [3.2] we first collect some basic
estimates concerning this diffusion construction:

Lemma 3.5 (accumulation control). In the situation of Definition we have for
all ke Nxy, all ge G*, and all z € Z,:

1. Clearly, diamg|z, e, 91, ..., gr] < p(diamg(g)).
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2. If je{l,...,k}, he G*, and w € Z, satisfy the relation [z,e,91,...,Gj, .-, gr] =
[w,e,hl,...,hj,...,hk], then

w=2z and diamg(g) = diamg(h).

3. If he G* and w € Zy, satisfy [z, g1, -, %] = [w, by, ..., hi], then

w=nh-g;' -z and diamg(g) = diamg(h).

Proof. Ad 1. This is immediate from the construction.

Ad 2. Because both simplices have the same 1-vertex (namely e), all the vertices must
coincide. Thus, w = z. Because the annuli defined by Z are disjoint for different radii
and because w = z € Z), n Z,, we obtain diamg(g) = diamg(h).

Ad 3. The assumption implies that

-----

In particular, w = hy-g; '+ 2. Using the abbreviations r, := diamg(g) and r, := diamg(h),
we obtain by the triangle inequality that ds(e, 27 1-g1) = ds(e,w™'-hy) is in the intersection

N/10
[rév—rév/m—rg,rév—krg] A [rY — h/ — T, T 4 7]
(which is hence non-empty). Therefore, 1y, = ry,. O

Lemma 3.6 (norm control). In the situation of Deﬁm’tz’on let k € N, and let

[k = {(Z7g17"'7gk> | (gb"'?gk) EGk’ ZEZg}'

Furthermore, let Jy, be a set, let w: I, —> Jj, be a map, and let 5: I, — N be a function
controlling the size of the fibres of w, i.e.,

Vier, [ (x(0))] < BG).

For functions f: I, — C, we define the push-forward

Finally, let p € (1,00) and let f: I, —> C be a function with finite support.

1. Then

imefll < (X 86 >/

iely
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2. Moreover, let q € (1,00) with p < q, let ¢’ € (1,00) with 1/q+ 1/¢" = 1/p, and let
w: I, —> C be a function such that mow: J, — C is ¢'-summable. Then (with
respect to pointwise multiplication)

[7e(f )], < £, - Il

Proof. The first part is a consequence of the following elementary estimate: For all n € N
and all ay,...,a, € C, we have (by looking at a coefficient of maximal modulus)

a1+ -+ an P <P (Ja|P + -+ |an ).

The second part is just an instance of the generalized Holder inequality. O]

3.2 Completing the proof of the comparison result

Proof of Proposition[3.9 We choose the parameter N := 100 for the construction in
Definition (basically any choice will work because of the exponential growth of G).
Let Z: G* — Py,(G) be the associated diffusion annuli map (Definition and let
B: Cy(G;C) — C44+1(G; C) be the diffusion cone operator associated with Z (Defini-
tion . We then define

E:=id—=00oB— Bod: Ci(G;C) — C4(G;C).

It is clear that F is a chain map and B a chain homotopy between E and the identity
on C4(G;C).

Therefore, it remains to prove the norm estimates. We first replace this zoo of estimates
by the following estimates: For all k,n € N there exist K € R.y and m € N such that for
all ¢ € Ci(G; C) we have

[BO|S, < K-S, (3.5)
1B < K-l (3.6)
le = 2B, < K -l (3.7)

These estimates imply the Estimates (3.1)—(3.4)) (modulo unification of the constants by
taking the maximum) as follows:

e Estimate (3.3]) follows from Estimate (3.5).

e Estimate (3.1]) follows from the fact that £ = id —do B— Bo¢ and the Estimates ((3.7))
and (3.6) (with modified constants).

e Estimate (3.2)) follows from (3.1) and the fact that F is a chain map.

e Estimate (3.4) then follows from do B = id —F — B o ¢ and the Estimates (3.1))
(and Remark [2.3)), and (3.3)) (with modified constants).
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In the following, let £, n € N, and let

c= Z ag' [67917"'7gk] eOk’(GvC)

geGFk

We will first prove (3.5)); of course, follows from (3.6]) (with Remark [2.3)), but we
will use this straightforward estimate as warm-up for the other estimates. By construction
of the diffusion cone operator B, we have (using Lemma for the first inequality, and
Definition of ¢ for the second inequality)

Z ag'i' Z[z,e,gl,...,gk]

S

n’p

< (3 sl plainmsto)”)
< (Z a7 - 2" (diams(g))N'”> "

geGk
=27 ¢ N p-

Before proving (3.6) and (3.7)), let us first fix some notation: Because of ¢ > p, there
is some ¢’ such that 1/¢+ 1/¢' = 1/p;let z:=1/q, let y:=1—2x=1—-1/p+ 1/¢, and
lete:=y-¢d—-1=¢q¢-(1—1/p)>0.

Let us establish (3.6)) (with m = 1): The generalized Holder inequality shows that

1/p
HBk <Z Z ‘ |p ~agl? - (diamg[z,e,gl,...,gk])n)
9

geGk ZEZ
1/q
< (2 X e ool diamsto))
geGk ZEZg
(Z Z ‘ dlamg[z,e,gl,...,gk])q’n/p)l/q/
ek 262, 1 Z4 |q v (diams(g))q/q

We denote the first factor by A; and the second factor by As. As ¢ -z = 1, we obtain

1 . Va
A= (S 14l 7 ol diaste)) = Il
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The term A, can be estimated via

¢ (diamg(g an/p
Ag =~ Z Z . S( >)q//q
geGk zeZg (dlams(g))
1 ‘ go(diams(g))q/'n/p
geGk ’Z ’q vl (diam (g))ql/q
< Z ‘{gEGk ’ diams{e,gl,...,gk} 27’}’ . S0(74)11’.71/17
b reN |?'r|E rd'/a
<, Bas(r)* o(r)T?
= |Z |a rd/a 7’

where Bg s: N — N denotes the growth function of G' with respect to S. The second
factor in the series above is dominated by a polynomial (in 7); we will now show that the
first factor decreases exponentially in r: By definition, we have

Bas(r)* < (4-15))""

Because G has exponential growth, there is an o € R such that 8¢ s(r) = " holds for
all r € N. Therefore, for all r € N,

Z,] = |Ba,s(rV10)2)| = a2,

and so

Ba,s(r)k - (4- \S’)T.k

Z, | T qe/2rNie

which (eventually) decreases exponentially in 7. Hence, Ag, is dominated by a convergent
series (whose value is independent of ¢). This shows Estimate (3.6]).
Finally, we prove the most delicate Estimate (3.7)). By construction,

¢ — 0By(c)

:2ag([e,g1,...,gk Za 6917--->9k])

geGk 2€Z4
k

:Zag m Z( Zgla--'agk: Z J+1 [Zegly"'vgjv"'agk])

geGk 9 €Zy j=1

Therefore,
S
Hc—@Bk Z ‘ ‘ : Z[Zagla"'agk]
geGk 179 2€7Z4 n,p
S
+Z Z ’ ’ Z[Zaeagla"'a./g\jw"vgk]
] 1 geGk 9 ZEZg n,p
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We will treat these k + 1 sums separately. In order to introduce | — |, 4, We again will
use the generalized Holder inequality. However, in contrast with the previous estimates,
we now have to carefully control accumulations of coefficients on k-simplices (using

Lemma and Lemma .

We will only treat the first sum in detail (the other sums can be handled in the same
way by modifying J; accordingly). We will apply Lemma to the following situation:
We consider the set

Jk = {[Zagla L 7gk] ’ (2791, ] 7gk) € [k} = Ck(G’ C)7

together with the canonical projection 7: Iy —> Ji. In view of Lemma [3.5] the projec-
tion 7 has f-controlled fibres, where

BI [k — N
(Zagla ce 7gk> — BG,S(diamS(g))k'

Let § € Rog with 6 <y —1/¢ = min(y,e/q’) and

f:1,—C
(2,01, k) — %% -ay - diamglz, g1, . . . ,gk]l/q
w: I, — C
(2,91, Gk) — \Zg% -diamg[z, g1, ..., ge]"P V4.
Then, by construction,
S
Z . Z[z,gl,...,gk] = Hm(f-w)Hp.

geGFk ’ 9’ 2€Zy n,p

We will now bound ||, (f - w)]|, from above with the help of Lemma 3.6} Clearly, f has
finite support. Let us show that m,w is a ¢’-summable function. By definition of w, we
have (with ®(r) := 2. pN-(¥/p-1/a)d")

DA G < Y, AR e(diams(s)

i€l (2,9)elx
— . Bes(r)’*t
< k. =
%ﬁc,s(r) |Z| AL, O(r)
k+q -k
< Z Ba,s(r 5 — (),
reN ‘Z ’ v

Because (y —d) - ¢ — 1 > 0, the same argument as in the proof of Estimate (3.6)) shows
that first factor (eventually) decreases at least exponentially in r while ® grows only
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polynomially in r. Therefore, this series is convergent; let A, be the value of this series.
The first part of Lemma shows that m,w is ¢-summable and that
]y < A"

Therefore, the second part of Lemma shows that
AL
[ma(f - w)], < Imafllg - Imewly < AT - [ flq:

It hence remains to provide a suitable estimate for |7, f|,. Using Lemma , we obtain

I f12 <D (D)

i€l

Z 5@5 dlams( ))

ag|* - p(diams g)

(zg el |Z |qx+q6
Be,s(diamg(g))?* .
<2 ), S 14l Jal - diams(g)”
geGFk

N

-|ag|? - diamg(g)

. BGS dlams ))
SRR R AT
geGFk
Again, because ¢ - > 0, we see as in the proof of the Estimate (3.6)) that the first factor
is bounded, say by A;. Then,
|mef g <2- A= Y lagl? - diamg(g)V = 2- Ay - ||, -

geGk

This completes the proof of Proposition [3.2] and hence of Theorem [3.1] O

4 A vanishing result in degree 1

We have the following vanishing result for the free group F; of rank 2:

Theorem 4.1. Let p € (1,00). Then the canonical homomorphism Hy(Fy; C) — HY(F5)
18 the zero map.

Proof. Let S := {«a, B} be a free generating set of the free group F, of rank 2. In this
proof, all distances, diameters, norms, etc. will be taken with respect to this generating
set S.

Before starting with the actual proof, we perform the following reductions:

e In view of Theorem it suffices to prove Theorem [4.1] for p > 2.

e Because Hi(F,;C) is generated by the homology classes corresponding to the
cycles [e, o] and [e, §], it suffices to show that the classes in HY(F3) represented
by [e,a] and [e, 5] are trivial.
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t(z)

Figure 2: For each edge [e, x], we choose two 2-simplices that contain this edge (and
halve the coefficients).

e Since the classes represented by [e, a] and [e, §] only differ by an isometric auto-
morphism of Fy, it suffices to prove the vanishing for [e, a].

To this end, we will construct an explicit chain b in C¥(F,) whose boundary is [e, a].

The geometric idea for the construction of such a 2-chain b is to start with two
2-simplices with coefficient 1/2 that contain [e,a] as an edge; inductively, we then
choose two 2-simplices with halved coefficients that contain the new edges ... (Figure[2).
The resulting infinite chain will converge in the (P-setting because the coefficients are
distributed over enough summands. The main technical difficulty is to ensure that the
weights are really distributed so that they do not accumulate on simplices via accidental
cancellations. This will be achieved by a careful selection of markers and suffixes that
encode the induction level and the two different choices at each stage.

We will describe the construction of b in a top-down manner, first giving the final
formula and then explaining all the ingredients: For D € N, we set

D
1
b(D) =3, D, garr c@) - (s(2) +#(x)) € CaF; C).
d=0 zeW (d)
We will then show that the sequence (b(D))pen converges to a chain
b:= lim b(D) e CY(F)
D—o
that satisfies b = [e, a]. But first we have to explain the ingredients of b(D): To this

end, we define (by mutual recursion) the subsets W(d)  F» (keeping track of the set of
edges), the suffixes sq4,t4 € Fy, the markers m(z) € F; and the 2-simplices s(z) and t(x):

e For each d € N, we set s; := a?? and t, := B%a? € F.
e We set W(0) := {a} (and m(«) := e) and for d € N5, we let
w(d):= ] Wd)c R,

zeW (d—1)
where (for each x € W(d — 1))
W(z,d) := {xm(x)sq, m(x)sq, xm(x)ty, m(z)ts} < Fo.
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e Inductively, we see that |[W(d)] < 4% for all d € N. We can thus choose an
injection m: W(d) — {a,}*? and view the words m(z) with z € W(d) as
elements of F5.

e For de N and = € W(d), we set

s(x) = [e,z,am(x)sq], t(z) := [e,x,am(z)tqe] € Co(F3; C).

e Finally, the signs ¢(...) are defined as follows: We set e(a) := 1; for d € N5
and z € W(d — 1), we set

e(m(z)sq) == —¢(x)

e(m(x)ty) = —e(x)
e(xm(z)sq) := e(x)
e(zm(x)ty) := e(x).

By construction, all elements of W (d) consist of non-negative powers of o and 5 and
no cancellations occur in the definitions above. Therefore, s, ¢, and ¢ are well-defined.
Moreover, the construction of the edge sets W (d) is justified by the following observation:
For each d € N and each x € W(d), we have

O(s(z) + t(x)) = o([e, x,xm(z)sq) + [e, z, am(x)ty])
= [e,m(z)sq] — [e,xm(x)sq] + [e, z] + [e, m(x)ta] — [e,xm(2)tq] + [e, z].

In order to prove convergence of (b(D))pen and (0b(D))pen, we need to estimate the
diameters of the simplices involved: For d € N and = € W (d), we have

diam s(z) < d(e,z) +4-d, diamt(z) < d(e,z)+4-d;
inductively, we obtain for x € W(d)
d(e,z) € O(d?)

and therefore
diam s(z), diamt(z) e O(d?).

We now give the convergence arguments:

e The sequence (b(D)) pen is Cauchy with respect to | — |, ,: Let D, D’ € N with D" >
D > 0 and let n € N. By construction, we have

b(D') — b(D Z Z ) - (s(x) + t(z)).

d=D+1 zeW (d
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The markers/suffixes show that all of these 2-simplices are different (so no cumula-
tions of coefficients occur). Therefore,

(D) = D), < D (e O
d=D+1

< i i -O(d*)

d=D+1 (20+1)p '

Because p > 2, the corresponding series on the right-hand side is convergent.
Therefore, these differences between its partial sums form a Cauchy sequence.

e The sequence (0b(D))pen is Cauchy with respect to || — |.,: Let D,D" € N
with D' > D > 0 and let n € N. By construction, we have

D) -y = 3 Y %-a(x)-a(s(x)—l—t(x))

d=D+1 zeW (d)

= Y @) leal- Y ) [l

zeW (D+1) yeW (D'+1)

The markers/suffixes show that all of these 1-simplices are different (so no cumula-
tions of coefficients occur). Therefore,

|ob(D') = ab(D)],,, < Dy O(D™") + T o(D*")
4D’+1 on 4D+1 .
< (20 1y O(D"™") + (2D+1)p -O(D*").

Because p > 2, these terms converge to 0 for D, D’ — oo.

Thus, we have established that b = limp_,,, b(D) € CY(F3) is a well-defined chain. By
a similar computation as the previous one for 0b(D’) — db(0), we have

ob = [e, a,

as claimed. O
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