
Algebraic Topology I – Exercises

Prof. Dr. C. Löh Sheet 15, February 5

Exercise 1 (products?). Prove or disprove:

1. There is a finite CW-complex X such that X × S1 'Top S
2016.

2. There is a finite CW-complex X such that X × S2 'Top RP 2016.

Exercise 2 (platonic solids).

1. Let v, e, f be the number of vertices, edges, faces of a convex regular 3-
dimensional polyhedron in R3. Prove that (v, e, f) is one of the following
triples:

(4, 6, 4), (6, 12, 8), (8, 12, 6), (20, 30, 12), (12, 30, 20)

2. Which platonic solid corresponds to which triple?

Exercise 3 (Euler characteristic – inheritance properties). Prove the inheri-
tance properties for the Euler characteristic of products, pushouts, and finite
coverings of finite CW-complexes.

Exercise 4 (complex projective spaces/komplex-projektive Räume). For n ∈
N>0, we define complex projective n-space by

CPn := S2·n+1/S1,

where we view S2·n+1 as unit sphere in Cn+1 and where we let S1 ⊂ C act
on Cn+1 by complex scalar multiplication.

1. Show that CPn admits a CW-structure consisting of a single cell in di-
mension 0, 2, 4, . . . , 2 · n.

2. Compute χ(CPn).

3. Compute H∗(CPn;Z).

4. Determine the fundamental group of CPn.

Bonus Problem (classifying spaces/klassifizierende Räume). LetG be a group.
A model of the classifying space BG is a path-connected pointed CW-complex
(X,x0) with π1(X,x0) ∼= G whose universal covering is contractible.

1. Give an example of a model of BF , where F is a free group of rank 2.

2. According to a bonus exercise on Sheet 10, the infinite real projective
space RP∞ is a model of BZ/2. How can one obtain in a similar way a
model of BZ/2016 ?
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Even more exercises that will boost your algebraic topology XP!

Bonus Problem (Schauder fixed point theorem/Fixpunktsatz von Schauder).

1. What is the statement of the Schauder fixed point theorem?

2. What are typical applications of the Schauder fixed point theorem?

3. How can the Schauder fixed point theorem be reduced to the Brouwer
fixed point theorem?

Bonus Problem (rank gradient/Rang-Gradient). Let G be a group. The
rank rkG of G is the minimal cardinality of a generating set of G. The rank
gradient of G is defined by

rgG := inf
H∈F (G)

rkH

[G : H]
,

where F (G) denotes the set of all finite index subgroups of G.

1. What is rgZ2016 ?

2. Let F be a free group of rank 2. What is rgF ?

3. Let (X,x0) be a pointed space. Show that

rkZH1(X;Z) ≤ rkπ1(X,x0).

4. How can one obtain a lower bound for rg π1(X,x0) using covering theory?

Bonus Problem (homology spheres/Homologie-Sphären). Let n ∈ N>0. A
topological space X is a homology n-sphere if

Hk(X;Z) ∼=

{
Z if k ∈ {0, n}
0 if k 6∈ {0, n}

holds for all k ∈ N.

1. Let X be a simply connected homology n-sphere. Prove that there ex-
ists a continuous map f : Sn −→ X for which the induced homomor-
phism H∗(f ;Z) : H∗(S

n;Z) −→ H∗(X;Z) is an isomorphism.

2. Look up in the literature how the Poincaré sphere is defined and briefly
sketch its construction as well as its key properties.

Bonus Problem (Povray). Model as many interesting topological spaces as
possible using Povray (http://www.povray.org).

Bonus Problem (typos). Find as many typos in the pdf summary of this
course as possible!
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