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Lecture 2

We would like to replace a Voevodsky motive by its’ “local” versions
parametrized by algebro-geometric points. Local versions, whose complexity
would be similar to that of a topological motive.

Anisotropic varieties

Definition 2.1 p - prime, X - projective variety over k. We say that X is
p-anisotropic, if the degrees of all closed points on X are divisible by p. In
other words, if π∗ : CH∗(X)/p→ CH∗(•)/p is zero.

Remark: This is anisotropy w.r. to the theory CH∗ /p. Similarly, one can
consider anisotropy w.r. to any other oriented cohomology theory.

Isotropic motivic category

DM(k;Fp) - Voevodsky category of motives with Fp-coefficients.
The isotopic motivic categoryDM(k/k;Fp) is the localisation ofDM(k;Fp)

w.r. to the localising subcategory generated by motives of all p-anisotropic
varieties over k.

If E/k is a field extension, we have a natural functorDM(k)→ DM(E/E;Fp).
So, we get “local” versions of Voevodsky motives corresponding to var-

ious field extensions. The question is, are the respective “local” categories
“sufficiently small” (like, for topological motives)? It depends on E.

Example 2.2 If E is algebraically closed, then any variety over E will have
an E-rational point and so, will be p-isotropic. Hence, in this case, the
localizing subcategory is zero and so, DM(E/E;Fp) ∼= DM(E;Fp) is the
“global” Voevodsky category for E. This category is too big.
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But there is a large supply of fields, for which the situation is drastically
different.

Definition 2.3 A field E is called “flexible”, if E = E0(t1, t2, . . .) is a purely
transcendental extension of infinite transcendence degree of some other field.

For a flexible field E, the category DM(E/E;Fp) should be reminiscent
and similar in size to the topological motivic category D(Fp). In particular,
Homs between compact objects there should be finite groups.

Get a family of functors:

{ψE,p : DM(k)→ DM(Ẽ/Ẽ;Fp)},

where E runs over all finitely generated extensions of k and Ẽ = E(t1, t2, . . .)
is the flexible closure of E. These are the “local” versions of motives we
wished to construct.

We can introduce a partial order on finitely-generated extensions E/k

(order which depends on p). Namely, we say that E/k
p

> F/k, if for smooth
projective models Q and P of E/k and F/k (that is, k(Q) = E and k(P ) =
F ), there exists a correspondence Q  P of degree prime to p (which is
equivalent to the fact that the push-forward map π∗ : CH∗(P × Q)/p →
CH∗(Q)/p is surjective). One can check that this relation is transitive. We

say that E/k
p∼ F/k, if E/k

p

> F/k and F/k
p

> E/k.

One can show that if E/k
p∼ F/k, then Ker(ψE,p) = Ker(ψF,p). So, we can

safely leave a single representative in each
p∼ - equivalence class of finitely-

generated field extensions.

Isotropic Chow motives

Similar to the “global” motivic category DM(k), the isotropic motivic
category has the “pure part” consisting of isotropic Chow motives. These
are direct summands in isotropic motives of smooth projective varieties. The
Homs in this category are described by isotropic Chow groups.

HomChow(k/k;Fp)(M(X),M(Y )) = Chk/k,dim(X)(X × Y ),

where Ch = CH /p and

Ch∗k/k(Z) = Ch∗(Z)/(p− anisotropic classes),
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where the class is p-anisotropic, if it is in the image of a push-forward from
some p-anisotropic variety.

If X
π→ Spec(k) is a smooth projective variety, on Ch∗(X) we have a

natural degree pairing

Ch∗(X)× Ch∗(X)→ Fp

given by: 〈α, β〉 = π∗(α · β) ∈ Ch(•) = Fp.
We can define the “numerical” version Ch∗Num of our theory by moding-

out the kernel of the pairing. Then on Ch∗Num(X) we will have a perfect
pairing with values in Fp. Moreover, since the degree pairing can be defined
on the level of the topological realization (assume k ⊂ C, then the C-points
of α and β will give cycles on the topological variety XTop := X(C), whose
degree pairing will be the same), it follows that Ch∗Num(X) is a sub-quotient
of the singular cohomology of XTop. In particular, numerical Chow groups
(with Fp-coefficients) are finite-dimensional Fp-vector spaces.

If α ∈ Chr(Z) is p-anisotropic, then we have: W
f→ Z

π→ • with f proper
and W p-anisotropic, and a class α′ ∈ Chr(W ), such that f∗(α

′) = α. Let
β ∈ Chr(Z). Then, by the projection formula,

〈α, β〉 = π∗(α · β) = π∗f∗(α
′ · f ∗(β)) = deg(α′ · f ∗(β)) = 0,

since W is p-anisotropic, and so, all 0-cycles have degrees divisible by p (here
α′ · f ∗(β) is a zero-cycle on W ). Thus, any anisotropic class is numerically
trivial. We get a surjection

Ch∗k/k(X)� Ch∗Num(X).

Conjecture 2.4 If k is flexible, then Ch∗k/k = Ch∗Num.

This conjecture implies that:

1) The category Chow(k/k;Fp) is equivalent to the category ChowNum(k;Fp)
of numerical Chow motives (with finite coefficients).

2) For any variety X, the isotropic Chow groups Ch∗k/k(X) are finite
groups.

Let us prove this Conjecture for the case of divisors.

Proposition 2.5 The Conjecture is true for Ch1.
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Proof: We have: Chk/k = Ch /(anis. classes), ChNum = Ch /(num. triv. classes).
We know that any anisotropic class is numerically trivial. Need to prove the
opposite inclusion. Let h ∈ Ch1(X) be some numerically trivial class. That
is, ∀α ∈ Ch1(X), deg(α · h) = 0 ∈ Z/p.

By adding a p-multiple of a very ample divisor class, we can represent
h by a very ample class H ∈ CH1(X). Let P be the linear system |H| of
H (parametrizing all effective divisors rationally equivalent to H). It is a
projective space Pm. Let

Y = {(x,H ′)|x ∈ H ′} ⊂ X × Pm.

Linear bundle O(H) defines an embedding of X into a projective space and
elements of the linear system |H| are just hyperplane sections of X in this
embedding. So, if x ∈ X is fixed, the condition x ∈ H ′ defines a single linear
relation on the space of hyperplanes. Thus, the natural projection Y

π→ X
is a Pm−1-bundle. By the Projective bundle theorem,

Ch∗(Y ) = ⊕m−1
i=0 ρ

i · Ch∗(X),

where ρ = c1(O(1)) is the 1-st Chern class of the bundle O(1).

Let Hη be the generic fiber of Y
pr2→ Pm. This is the “generic representa-

tive” of the linear system |H|. It is defined over the function field F = k(Pm)
and is a hypersurface on XF linearly equivalent to HF . Let us see that Hη

is anisotropic. We have the composition

Ch∗(X)
π∗
→ Ch∗(Y )� Ch∗(Hη),

where the second map is surjective as any pull-back (on Chow groups) for
an open embedding. The middle term is equal to ⊕m−1

i=0 ρ
i · Ch∗(X) and the

second map send ρi to zero, for any i > 0, since ρi is supported in positive
codimension in Pm. Hence, the composition map Ch∗(X)� Ch∗(Hη) is sur-
jective. We need a particular case of it: Ch1(X) � Ch0(Hη) mapping α to
αF |Hη ∈ Ch0(Hη). The push-forward of the later class to Ch0(XF ) is the
zero-cycle αF ·Hη degree of which is zero modulo p, since our original class
h was numerically trivial. Hence, all 0-cycles on Hη have degrees divisible
by p and Hη is anisotropic. Thus, over a finitely-generated purely transcen-
dental extension F of k, our class h becomes anisotropic. But k is flexible:
k = k0(t1, t2, . . .) and since both X and h are defined on some “finite” level
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kn = k0(t1, . . . , tn), it follows that there is an isomorphism of field exten-
sions F/k0

∼= k/k0 identifying XF/F with X/k and hF with h. Hence, h is
anisotropic already over k. �

Similar to Chow(k), the isotropic Chow motivic category Chow(k/k;Fp)
is a rigid tensor additive category with the unit object - the trivial Tate-
motive T . In particular, it has a duality: B 7→ B∨, such that there is a
functorial identification Hom(A⊗B,C) = Hom(A,B∨ ⊗ C).

If A ∈ Ob(Chow(k/k;Fp)) is non-zero, then so is the identity map A
id→ A,

as well as the adjoint map T
∆→ A⊗A∨. It follows from Conjecture 2.4 that

∆ is numerically non-zero. This means that there is a map A⊗A∨ γ→ T such
that the composition

T
∆→ A⊗ A∨ γ→ T

is the identity. In other words, A is non-zero if and only if T is a di-
rect summand of A ⊗ A∨. This implies that, for a flexible k, the category
Chow(k/k;Fp) has no zero-divisors.

The compact part DMgm(k/k;Fp) of the category of isotropic motives is
just the Karobian envelope of the image of the compact part DMgm(k;Fp) of
Voeviodsky category in DM(k/k;Fp). In the same way as its’ “global” coun-
terpart, this “compact” category has a weight structure in the sense of Bon-
darko [2] whose heart is the isotropic category of Chow motives Chow(k/k;Fp).
This is a simple consequence of the fact that, for isotropic Chow motives A
and B, there are no Homs from A to B[r], for r > 0. So, it follows from
Conjecture 2.4 that the category DMgm(k/k;Fp), for a flexible k, shouldn’t
have zero-divisors. In other words, the ideal zero is a prime ⊗-∆-ed ideal of
DMgm(k/k;Fp).

An ideal of a triangulated category is a collection P of objects closed under
shifts, Cones and ⊗. It is called prime, if A,B 6∈ P ⇒ A ⊗ B 6∈ P . The
set of all prime ideals of a tensor triangulated category D can be organised
into a topological space Spc(D) - the Balmer’s tensor triangulated spectrum
of D - [1]. It is an analogue of the spectrum Spec(R) of a commutative ring
R and permits to think about ⊗-∆-ed category in geometric terms.

The pre-image F−1(P) of a prime ideal P under a⊗-∆-ed functor F : C →
D is also prime. Thus, Conjecture 2.4 implies that the isotropic realisation
functors ψE,p : DMgm(k) → DMgm(Ẽ/Ẽ;Fp) should define points of the
Balmer’s ⊗-∆-ed spectrum of DMgm(k) parametrized by a prime p and a
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p∼-equivalence class of finitely generated field extensions E/k (the respective
prime ideals being the kernels Ker(ψE,p) ⊂ DMgm(k)). This is the meaning
of isotropic realisations. We get many new points of the spectrum.

As for the isotropic (geometric) motivic category of a flexible field, the
spectrum of it should be as small as that of the category Db(Fp) of topological
(geometric) motives with Fp-coefficients.

Conjecture 2.6 For a flexible k, the spectrum Spc(DMgm(k/k;Fp)) consists
of a single point (0).
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